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a b s t r a c t

The paper studies unsteady Navier–Stokes equations with two space variables. It shows that the non-
linear fourth-order equation for the stream function with three independent variables admits functional
separable solutions described by a system of three partial differential equations with two independent
variables. The system is found to have a number of exact solutions, which generate new classes of exact
solutions to the Navier–Stokes equations. All these solutions involve two or more arbitrary functions of a
single argument as well as a few free parameters. Many of the solutions are expressed in terms of ele-
mentary functions, provided that the arbitrary functions are also elementary; such solutions, having
relatively simple form and presenting significant arbitrariness, can be especially useful for solving certain
model problems and testing numerical and approximate analytical hydrodynamic methods. The paper
uses the obtained results to describe some model unsteady flows of viscous incompressible fluids,
including flows through a strip with permeable walls, flows through a strip with extrusion at the
boundaries, flows onto a shrinking plane, and others. Some blow-up modes, which correspond to sin-
gular solutions, are discussed.

& 2015 Elsevier Ltd. All rights reserved.
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1. Introduction. The stream function equation

1.1. Preliminary remarks

The Navier–Stokes equations and other hydrodynamic equa-
tions are important and fairly common in various areas of science
and engineering (e.g., see [1–4]).

Exact solutions to the Navier–Stokes and related equations con-
tribute to better understanding of qualitative features of steady and
unsteady fluid flows; these features include stability, non-uniqueness,
spatial localization, blow-up, and others. Exact solutions to the Navier–
Stokes equations allow efficient estimates of the domain of applic-
ability for simplified hydrodynamic models, including boundary-layer
equations and Euler equations.

Exact solutions with significant functional arbitrariness are of
particular interest because they may be used as test problems for
assessing the accuracy of numeric, asymptotic, and approximate
blems in Mechanics, Russian
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analytical methods for solving suitable non-linear hydrodynamic-
type PDEs as well as certain model problems.

1.2. The concepts of ‘exact solution’ and ‘linearizing solution’ for non-
linear PDEs

In what follows, the term ‘exact solution’ with regard to non-
linear partial differential equations (including the Navier–Stokes
equations) is used in the following cases [5,6]:

(i) the solution is expressible in terms of elementary functions or
in closed form with definite or/and indefinite integrals;

(ii) the solution is expressible in terms of solutions to ordinary
differential equations (or systems of such equations);

iii) combinations of the first two items are also allowed.

Apart from exact solutions, we will also be dealing with ‘line-
arizing solutions’, which are expressible in terms of solutions to
linear partial differential equations, perhaps in conjunction with
solutions (i) and (ii).

Remark 1. To find exact solutions to the Navier–Stokes, boundary-
layer, and related equations, one usually employs the classical
method for symmetry reductions [7–13] (based on the Lie group
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analysis of PDEs), direct method for symmetry reductions [14–19]
(also known as the Clarkson–Kruskal direct method), non-classical
method for symmetry reductions [20–22], and method of gen-
eralized separation of variables [5,23–29]. For some other, less
common methods, see also [30–36]. Extensive surveys of exact
solutions to the Navier–Stokes and boundary-layer equations can
be found in [5,4,37,38].

1.3. Navier–Stokes equations with two space variables. Reduction to
the stream function equation

The unsteady Navier–Stokes equations with two space vari-
ables are written as

UtþUUxþVUy ¼ �PxþνΔU;
VtþUVxþVVy ¼ �PyþνΔV ;
UxþVy ¼ 0; ð1Þ
where t is time, x and y are Cartesian coordinates, U and V are the
fluid velocity components, P is the fluid pressure-to-density ratio,
ν is the kinematic viscosity, and Δ is the Laplace operator.

By introducing a stream function w defined by the formulas

U ¼wy; V ¼ �wx ð2Þ
followed by eliminating the normalized pressure P, one can reduce
system (1) to a single non-linear fourth-order equation [1,2,4]:

ðΔwÞtþwyðΔwÞx�wxðΔwÞy ¼ νΔΔw; Δw¼wxxþwyy: ð3Þ
For steady and unsteady exact solutions to the two- and

three-dimensional Navier–Stokes equations, see the studies
[1,2,4,5,7,10,13,20,21,26,27,30,31,34,35,37–54] and references therein.
Some previous results related to the present paper will be discussed
below in Remark 3). For models and exact solutions to hyperbolic and
differential-difference Navier–Stokes equations, see [28,55–57]. A
number of steady and unsteady exact solutions to boundary layer
equations, which are related asymptotic equations derived from the
Navier–Stokes equations at large Reynolds numbers, can be found, for
example, in [1,2,5,8,9,12,14–19,22–25,32,33,58–61].

1.4. Generalized and functional separable solutions

The study [26] dealt with the stream function equation (3) and
presented a number of its generalized separable solutions of the
form

w¼
Xn
k ¼ 1

f kðxÞgkðy; tÞ or w¼
Xn
k ¼ 1

f kðx; tÞgkðyÞ: ð4Þ

The functions fk(x) and gkðy; tÞ (or f kðx; tÞ and gk(y)) are determined
in the analysis of the equation resulting from inserting (4) into (3).

The first solution in (4) most frequently involves the following
functions:

f kðxÞ ¼ xm ðm¼ 0;1;2Þ; f kðxÞ ¼ expðλkxÞ;
f kðxÞ ¼ cos ðβkxÞ; f kðxÞ ¼ sin ðβkxÞ;
where λi and βi are unknown parameters. The other set of func-
tions, gkðy; tÞ, is determined by solving the corresponding non-
linear equations.

The books [5,6,62] detail various modifications of the method
of generalized separation of variables based on seeking solutions
of the form (4). These books give a large number of non-linear
PDEs and systems of PDEs, including the Navier–Stokes equations
and the stream function equation (3), that admit generalized
separation of variables.

This paper will present more-complex functional separable
solutions dependent, in a special way, on the original independent
variables as well as the extra variable z¼φðtÞxþψ ðtÞy; see the
subsequent section for details.
Functional separable solutions to non-linear hydrodynamic-
type and diffusion-type equations can be found, for example, in
[18,60,63–71]. The books [5,6] describe various modifications of
the method of functional separation of variables and give specific
examples of its usage.

Remark 2. For higher-order non-linear hydrodynamic PDEs such
as Eq. (3), the direct methods of generalized and functional
separation of variables (with a preset form of exact solutions
involving arbitrary functions) usually suggest easier calculations
and result in simpler equations than the non-classical method of
symmetry reductions based on invariant surface conditions and
the method of differential constraints. Moreover, the fact that
generalized and functional solutions (as well as those obtained
using Clarkson–Kruskal direct reductions [72]) can be represented
in terms of differential constraints [73] has no practical value (see
Section 34.5 in [5]).

It is noteworthy that there is a recent modification of the
method of functional separation of variables [60,61] which has
proved to be effective for constructing exact solutions to unsteady
axisymmetric boundary-layer equations.

1.5. Boundary conditions in some hydrodynamic problems

In subsequent sections, we will give examples of using the
obtained exact solutions to construct solutions of several unsteady
model hydrodynamic problems.

In Section 4, we will look at hydrodynamic problems with
different types of boundary conditions for the velocity compo-
nents (e.g., see [2,4,38,41,50,52]).

Surface stretching or shrinking (extrusion) are described by the
conditions

U ¼ ξðt; xÞ; V ¼ 0 at y¼ 0:

The trivial case of ξðt; xÞ ¼ 0 corresponds to the no-slip conditions
at a fixed surface. Functions ξðt; xÞ ¼ AðtÞ correspond to a rigid
surface moving in its own plane (along the x-axis). Unsteady
stretching or shrinking of a surface is usually modeled by a linear
function in the space coordinate, ξðt; xÞ ¼ AðtÞx, with A40 corre-
sponding to stretching and Ao0 corresponding to shrinking.

Feeding or removing a fluid through a permeable (porous)
surface is characterized by the conditions

U ¼ 0; V ¼ ηðt; xÞ at y¼ 0:

Uniform feeding or removal of a fluid through a permeable wall is
modeled by ηðt; xÞ ¼ BðtÞ, with B40 corresponding to feeding and
Bo0, to removal. The case ηðt; xÞ ¼ const corresponds to steady-
state feeding/removal.
2. Form of functional separable solutions. The determining
system of equations

2.1. General form of desired functional separable solutions

We look for exact solutions to Eq. (3) of the form

w¼ xf ðt; zÞþygðt; zÞþhðt; zÞþ1
2 aðtÞx2þbðtÞxyþ1

2 cðtÞy2;
z¼φðtÞxþψ ðtÞy; ð5Þ
where f ¼ f ðt; zÞ, g ¼ gðt; zÞ, h¼ hðt; zÞ, a¼ aðtÞ, b¼ bðtÞ, c¼ cðtÞ,
φ¼φðtÞ, and ψ ¼ψ ðtÞ are unknown functions to be determined in
the analysis. In the special case φ¼0 or ψ¼0, formula (5) defines
generalized separable solutions.

Remark 3. The representation (5) is a generalization for a number
of exact solutions obtained previously. In particular, solutions of
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the form (5) with

f ðt; zÞ ¼ f 0ðtÞ; gðt; zÞ ¼ g0ðtÞ; a¼ b¼ c¼ 0;
φðtÞ ¼ k¼ const; ψ ðtÞ ¼ λ¼ const

were treated in [4,26,45,46,51].
Solutions of the form (5) with

gðt; zÞ ¼ hðt; zÞ ¼ 0; a¼ b¼ c¼ 0; φðtÞ ¼ 0; ψ ðtÞ ¼ 1

describe different flow modes near a stagnation point as well as near
a stretching or shrinking plane (extrusion processes). Such solutions
were studied, for example, in [4,26,38–41,44,47,48,50,52,54].

Solutions with

gðt; zÞ ¼ 0; a¼ b¼ c¼ 0; φðtÞ ¼ k¼ const; ψ ðtÞ ¼ 1;

including k¼0 and ka0, were treated in [5,26].
A solution of the form (5) with

f ðt; zÞ ¼ �ψ ðtÞgðt; zÞ; aðtÞ ¼ ψ 0
t

2ð1þψ2Þ;
bðtÞ ¼ 2aðtÞψ ; cðtÞ ¼ �aðtÞ; φðtÞ ¼ 1

was described in [21].
A most comprehensive survey of known exact solutions to Eq. (3)

defined by special cases of formula (5) can be found in [5].

2.2. The determining system of equations

Substituting (5) into the stream function equation (3) gives

Ax2þBxyþCy2þDxþEyþF ¼ 0; ð6Þ
where A, B, C, D, E, and F are functional coefficients dependent on
only t and z; see the appendix for the expressions of these coef-
ficients. For Eq. (6) to be satisfied for any x and y, all functional
coefficients must be set equal to zero:

A¼ B¼ C ¼D¼ E¼ F ¼ 0: ð7Þ
The first three equations, A¼ B¼ C ¼ 0, are satisfied if

φ0
tþbφ�aψ ¼ 0; ψ 0

tþcφ�bψ ¼ 0: ð8Þ
Assuming here and henceforth the three functions of time b¼ bðtÞ,
φ¼φðtÞ, and ψ ¼ψ ðtÞ to be arbitrary, we find a¼ aðtÞ and c¼ cðtÞ
as

a¼φ0
tþbφ
ψ

; c¼ bψ�ψ 0
t

φ
: ð9Þ

These formulas are valid if φ≢0 and ψ≢0. If φ� 0 or ψ � 0, we
have

φ� 0; a¼ 0; b¼ψ 0
t=ψ ; c¼ cðtÞ is an arbitrary function;

ψ � 0; c¼ 0; b¼ �φ0
t=φ; a¼ aðtÞ is an arbitrary function:

Using relations (8) and making some rearrangements, one can
reduce the last three equations in (7), D¼ E¼ F ¼ 0, to the fol-
lowing non-linear system of partial differential equations for f, g,
and h:

f tzzþðsþbÞf zz�agzzþψ ðf zf zz� ff zzzÞþφðgf zzz� f zgzzÞ ¼ νðφ2þψ2Þf zzzz; ð10Þ

gtzzþðs�bÞgzzþcf zzþφðggzzz�gzgzzÞþψ ðgzf zz� fgzzzÞ ¼ νðφ2þψ2Þgzzzz; ð11Þ

htzzþðψ f zz�φgzzÞhzþðφg�ψ f Þhzzzþa0tþc0tþ2φ0
t f zþ2ψ 0

tgzþ2φf tz

þ2ψgtzþ½ð3φ2þψ2Þg�2φψ f �f zzþ½2φψg�ðφ2þ3ψ2Þf �gzz
�4νðφ2þψ2Þðφf zzzþψgzzzÞ ¼ νðφ2þψ2Þhzzzz; ð12Þ

where

s¼ sðtÞ ¼ ðφ2þψ2Þ0t
φ2þψ2 ; h ¼ ðφ2þψ2Þh: ð13Þ

The system of equations (10)–(12) will be referred to as the
determining system. It splits into a subsystem of two coupled
equations (10) and (11) for f and g as well as a passive equation
(12), which is linear in h and does not affect f or g. System (10)–
(12) involves three arbitrary functions of time, b¼ bðtÞ, φ¼φðtÞ,
and ψ ¼ψ ðtÞ, with the coefficients a, c, and s expressed in terms of
these functions according to (9) and (13).

In what follows, we will be looking for exact solutions to the
determining system (10)–(12), which generate exact solutions of
the form (5) to the stream function equation (3). The functional
coefficients a and c in system (10)–(12) are defined by (9).

Along with Eq. (12), we will also be using the equivalent
equation

htzzþψ ðf zzhz� f hzzzÞþφðghzzz�gzzhzÞþa0tþc0tþ2ðφf þψgÞtz

þ2ðφg�ψ f Þðφf zzþψgzzÞþðφ2þψ2Þðgf zz� fgzzÞ

�4νðφ2þψ2Þðφf zzzþψgzzzÞ ¼ νðφ2þψ2Þhzzzz; ð14Þ

which is often more convenient in calculations.
We would like to emphasize that exact solutions to subsystem

(10), (11) generate linearizing solutions to system (10)–(12) and,
consequently, the stream function equation (3).
2.3. Formulas allowing generalizations of exact solutions to sub-
system (10), (11)

The subsystem of the non-linear coupled equations (10) and
(11) has a remarkable property which is stated below as a
theorem.

Theorem 1. Suppose that the functions f ðt; zÞ and gðt; zÞ solve the
coupled system (10), (11). Then the functions

f 1 ¼ f ðt; zþξÞþη; g1 ¼ gðt; zþξÞþζ; ξ¼
Z

ðψη�φζÞ dt; ð15Þ

with arbitrary η¼ ηðtÞ and ζ ¼ ζðtÞ, also solve this system.

This theorem can be proved by direct verification.
Theorem 1 makes it possible to generalize exact solutions of

the non-linear coupled equations (10) and (11) by including
additional arbitrary functions.
3. Solutions to the determining system corresponding to
degenerate solutions of equations (10) and (11)

3.1. Solutions with f and g linear in z

Eqs. (10) and (11) can be satisfied identically with degenerate
solutions of the form

f ¼ f 1ðtÞzþ f 0ðtÞ; g ¼ g1ðtÞzþg0ðtÞ; ð16Þ

where f 1 ¼ f 1ðtÞ, f 0 ¼ f 0ðtÞ, g1 ¼ g1ðtÞ, and g0 ¼ g0ðtÞ are arbitrary
functions. Substituting (16) into (12) yields the equation

htzzþ½ðφg1�ψ f 1Þzþφg0�ψ f 0�hzzzþðaþcþ2φf 1þ2ψg1Þ0t

¼ νðφ2þψ2Þ2hzzzz; ð17Þ

which involves seven arbitrary functions of time: φ, ψ, f0, f1, g0, g1,
and b (recall that a and c are expressed in terms of φ, ψ, and b by
formulas (9)). The substitution

ξ¼ hzzþaþcþ2φf 1þ2ψg1 ð18Þ
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reduces Eq. (17) to a linear parabolic second-order equation with
variable coefficients:

ξtþ½ðφg1�ψ f 1Þzþφg0�ψ f 0�ξz ¼ νðφ2þψ2Þξzz: ð19Þ
This sort of equation was treated in [74]. The transformation

ξ¼ ζðτ;ηÞ; τ¼ ν
Z
σ2ðφ2þψ2Þ dt; η¼ σzþ

Z
σðψ f 0�φg0Þ dt;

σ ¼ σðtÞ ¼ exp
Z

ðψ f 1�φg1Þ dt
� �

; ð20Þ

reduces Eq. (19) to the classical heat equation

ζτ ¼ ζηη: ð21Þ

3.2. Solutions with f and g quadratic in z

Eqs. (10) and (11) admit degenerate solutions of the form

f ¼ f 2ðtÞz2þ f 1ðtÞzþ f 0ðtÞ; g¼ g2ðtÞz2þg1ðtÞzþg0ðtÞ; ð22Þ
where f 1 ¼ f 1ðtÞ, f 0 ¼ f 0ðtÞ, g1 ¼ g1ðtÞ, and g0 ¼ g0ðtÞ are arbitrary
functions,

f 2ðtÞ ¼
Kφ

φ2þψ2; g2ðtÞ ¼
Kψ

φ2þψ2; ð23Þ

and K is an arbitrary constant. Eq. (12) determined by the func-
tions of (22) and (23) can be reduced to the classical heat equation
[74].

It can be shown that solution (5) with f and g defined by (22) is
equivalent, up to redefining h¼ hðt; zÞ, to solution (5) with f and g
defined by (16).

Remark 4. Searching for solutions of the form (5) with f and g
cubic in z eventually leads to solution (5) with f and g defined by
(16) and a modified h¼ hðt; zÞ.
4. Solutions to the determining system of special form con-
sisting of two equations. Solutions to some hydrodynamic
problems

4.1. A special case where the determining system reduces to two
equations

Consider the special case of Eq. (5) with

g ¼ 0; a¼ b¼ c¼ 0; φ¼ 0; ψ ¼ 1;

which corresponds to the stream function

w¼ xf ðt; yÞþgðt; yÞ: ð24Þ
In this case, system (10)–(12) simplifies significantly to become

a system of two rather than three equations:

f tyyþ f yf yy� ff yyy ¼ νf yyyy; ð25Þ

htyyþhyf yy� fhyyy ¼ νhyyyy: ð26Þ

A most comprehensive survey of exact solutions to the time-
dependent equation (25) and system (25), (26) can be found in [5]
(see also [4,26,37,38]). Below we present generalizations of some
known solutions and consider a few new problems.

Eq. (25) contains one unknown function, f, and is independent
of Eq. (26).

4.2. Two theorems on exact solutions to the determining system

The following theorem holds true.
Theorem 2. Let f ¼ f ðt; yÞ be a solution to Eq. (25). Then Eq. (26)
admits the exact solution

h¼ Cf yþAðtÞf �A0
tðtÞy; ð27Þ

where C is an arbitrary constant and A¼ AðtÞ is an arbitrary function.

This theorem can be verified by substituting expression (27)
into Eq. (26) and taking into account Eq. (25) and the equation
obtained by differentiating (25) with respect to y:

f tyyyþ f 2yy� ff yyyy ¼ νf yyyyy:

Formula (27) allows one to construct exact solutions to Eq. (26)
whenever a solution to Eq. (25) is known.

The following, more general statement also holds true.

Theorem 3. Let f ¼ f ðt; yÞ be a solution to Eq. (25). Then system (25),
(26) admits the exact solution

f 1 ¼ f ðt; yþBÞþB0
t ;

h1 ¼ Cf yðt; yþBÞþAf ðt; yþBÞ�A0
ty; ð28Þ

where C is an arbitrary constant, while A¼ AðtÞ and B¼ BðtÞ are
arbitrary functions.

In particular, given a time-invariant solution to Eq. (25), Theorem 3
allows one to construct time-dependent solutions to system (25), (26)
involving two arbitrary functions of time and an arbitrary constant.

Moreover, the above remains valid if one adds an arbitrary
function of time, which does not affect the velocity components (2),
to the right-hand side of formula (27) and the second formula in (28).

4.3. A solution to system (25), (26) rational in y

One can verify by direct substitution that Eq. (25) admits the
time-invariant solution f ¼ 6ν=y. By the formulas (27), we get the
following exact solution to system (25), (26):

f ¼ 6ν
yþB

þB0
t ; h¼ C1

ðyþBÞ2
þ 6νA
yþB

�A0
ty:

It involves two arbitrary functions, A¼ AðtÞ and B¼ BðtÞ, and an
arbitrary constant, C1 ¼ �6νC.

4.4. Solutions of system (25), (26) involving an exponential of y.
Examples of solving some problems

System (25), (26) admits exact solutions of the form

f ¼ aðtÞe�λðtÞyþbðtÞyþcðtÞ;
h¼ αðtÞe�λðtÞyþβðtÞy; ð29Þ
with the six functional coefficients a¼ aðtÞ, b¼ bðtÞ, c¼ cðtÞ,
α¼ αðtÞ, β¼ βðtÞ, and λ¼ λðtÞ satisfying the following three
equations:

λ0t�bλ¼ 0;

a0tþ3abþacλ�νaλ2 ¼ 0;

α0
tþ2bαþaβþcαλ�ναλ2 ¼ 0: ð30Þ

The second and third equations have been rearranged using the
first one. The functions a, α, and λ in (30) can be treated as arbi-
trary. Then the other three functions can be found without inte-
grals:

b¼ λ0t
λ
; c¼ � 1

aλ
ða0tþ3abÞþνλ;

β¼ 1
a
ð�α0

t�2bα�cαλþναλ2Þ: ð31Þ
Below we give a few examples illustrating the usage of the

above formulas for constructing solutions to some model hydro-
dynamic problems.
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Example 1. Let us look at the special case of solution (29) with

λ¼ const; b¼ 0; c¼ νλ� a0t
aλ

; α¼ aσ; β¼ �σ0
t ; ð32Þ

where a¼ aðtÞ and σ ¼ σðtÞ are arbitrary functions. The expressions
(32) satisfy system (30) and follow from (31).

Substituting (32) into (29) and taking into account (24), we
arrive at the stream function

w¼ x ae�λyþνλ� a0t
aλ

� �
þaσe�λy�σ0

ty: ð33Þ

The velocity components are obtained by formulas (2):

U ¼ �aλxe�λy�aσλe�λy�σ0
t ; V ¼ �ae�λy�νλþ a0t

aλ
: ð34Þ

We set y¼0 to obtain

U j y ¼ 0 ¼ �aλx�aσλ�σ0
t ; V j y ¼ 0 ¼ �a�νλþ a0t

aλ
: ð35Þ

Now we choose the free functions a and σ such that

a¼ � νλ

C1 expðνλ2tÞþ1
; σ ¼ C2expðνλ2tÞ

C1 expðνλ2tÞþ1
; ð36Þ

where C2 is an arbitrary constant and C1 is an arbitrary
constant such that C1Z0 or C1o�1. Then the boundary relations
(35) significantly simplify to become

U j y ¼ 0 ¼ AðtÞx; V j y ¼ 0 ¼ 0; ð37Þ
where

AðtÞ ¼ νλ2

C1 expðνλ2tÞþ1
:

For λ40, formulas (34) in conjunction with (36) describe
three-parameter unsteady modes of flow in the half-plane 0ry
o1 caused by stretching (if A40) or shrinking (if Ao0) of the
surface y¼0 according to the law (37) under special initial con-
ditions (corresponding to t¼0 in Eq. (36)). In the special case
C1 ¼ C2 ¼ 0, the above formulas lead to the steady-state solution of
[41], which models extrusion. If C2 ¼ 0 and C1a0, formulas (34)
and (36) define solution [38].

Example 2. Setting α¼β¼0 and substituting (29) and (31) into
(24), we obtain the stream function

w¼ x ae�λyþλ0t
λ
yþνλ�3

λ0t
λ2

� a0t
aλ

� �
: ð38Þ

The corresponding velocity components are expressed as

U ¼ x �aλe�λyþλ0t
λ

� �
;

V ¼ �ae�λy�λ0t
λ
y�νλþ3

λ0t
λ2

þ a0t
aλ

ð39Þ

with arbitrary a¼ aðtÞ and λ¼ λðtÞ. Solution (39) satisfies the fol-
lowing boundary conditions as y-1:

U-ΛðtÞx; V-�ΛðtÞy; where Λ¼ λ0t=λ:

These conditions are used to model viscous flows about a stagnant
point (e.g., see [4,38,50,52,75]).

1○. Fluid flow onto a shrinking plane: Let us look at the special
case

a¼ a0ffiffiffiffiffiffiffiffiffiffi
tþC

p ; λ¼ λ0ffiffiffiffiffiffiffiffiffiffi
tþC

p ; a0 ¼ � 1
λ0
ðνλ0þ2Þ; ð40Þ

where C40 and λ040 are arbitrary constants. At the surface y¼0,
solution (39), (40) satisfies the conditions

U j y ¼ 0 ¼ �AðtÞx; V j y ¼ 0 ¼ 0; ð41Þ
where

AðtÞ ¼ �2νλ20þ3
tþC

:

Hence, solution (39), (40) describes an unsteady flow onto a
shrinking plane.

2○. Fluid flow onto a fixed solid surface (blow-up): Let us require
that solution (39) satisfy the no-slip condition at the boundary
y¼0: U j y ¼ 0 ¼ V j y ¼ 0. This results in a system of ODEs for a¼ aðtÞ
and λ¼ λðtÞ:

�aλþλ0t
λ
¼ 0; �a�νλþ3

λ0t
λ2

þ a0t
aλ

¼ 0:

Eliminating a¼ λ�2λ0t yields a second-order non-linear ODE for λ:

λ00tt ¼ νλ2λ0t : ð42Þ
A one-parameter particular solution to Eq. (42) is expressed as

λ¼ kðC1�tÞ�1=2; k¼ ð2ν=3Þ�1=2; ð43Þ
where C140 is an arbitrary constant. The function (43) is a real
function defined on the bounded time interval 0rtoC1 and
associated with a blow-up [76,77], since λ-1 as t-C1.

Then the corresponding velocity components (39) become

U ¼ λ0t
λ
xð1�e�λyÞ ¼ λ2

2k2
xð1�e�λyÞ;

V ¼ λ0t
λ2
ð1�e�λyÞ�λ0t

λ
y¼ λ

2k2
xð1�e�λyÞ� λ2

2k2
y: ð44Þ

Solution (44) does not have singularities at the initial time t¼0
and is infinitely differentiable with respect to the spatial coordi-
nates x and y. For 0rtoC1 and far away from a fixed surface, as
y-1, formulas (44) describe a linear shear flow.

3○. Flow onto a fixed rigid surface (blow-up): A first integral of
Eq. (42) is λ0t ¼ 1

3 νðλ
3þC3

2Þ, which is a separable equation. Inte-
grating it gives the following general solution in implicit form:

t ¼ 1

2νC2
2

ln
ðλþC2Þ2

λ2�C2λþC2
2

þ
ffiffiffi
3

p

νC2
2

arctan
2λ�C2ffiffiffi

3
p

C2
þC1; ð45Þ

where C1 and C2 are arbitrary constants. For the exponential terms
in solution (39) to die away, one has to assume that λ40. The
argument of the logarithmic function in Eq. (42) attaints its max-
imum equal to 4 at λ¼ C2, while arctangent is a bounded function
that does not exceed π=2. Therefore, with fixed C1 and C2a0 (the
case C2 ¼ 0 was discussed above in Item 1○), time t can only assume
bounded positive values, which corresponds to a blow-up.

4.5. Solutions of system (25), (26) involving trigonometric functions
of y. Examples of solving some problems

System (25), (26) admits exact solutions of the form

f ¼ aðtÞ cos ½λðtÞyþσðtÞ�þbðtÞyþcðtÞ;
h¼ αðtÞ cos ½λðtÞyþσðtÞ�þsðtÞ sin ½λðtÞyþσðtÞ�þβðtÞy; ð46Þ
with the functional coefficients a¼ aðtÞ, b¼ bðtÞ, c¼ cðtÞ, s¼ sðtÞ,
α¼ αðtÞ, β¼ βðtÞ, λ¼ λðtÞ, and σ ¼ σðtÞ satisfying the following five
equations:

λ0t�bλ¼ 0;
σ0
t�cλ¼ 0;

a0tþ3abþνaλ2 ¼ 0;

α0
tþ2bαþaβþναλ2 ¼ 0;

s0tþ2bsþνsλ2 ¼ 0: ð47Þ
The last three equations have been rearranged using the first two
equations.
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The functions λ, σ, and α can be treated as arbitrary. Then the
other five functions are determined as follows:

a¼ a0
λ3

exp �ν
Z

λ2 dt
� �

; b¼ λ0t
λ
; c¼ σ0

t

λ
;

β¼ �1
a
ðα0

tþ2bαþναλ2Þ; s¼ s0
λ2

exp �ν
Z

λ2 dt
� �

; ð48Þ

where a0 and s0 are arbitrary constants.
In what follows, we give a few examples of how the above

formulas can be used to construct solutions to some model
hydrodynamic problems.

Example 3. Let us look at the special case of solution (46) with

λ¼ const; σ ¼ const; b¼ c¼ 0; a¼ a1EðtÞ; α¼ a1EðtÞωðtÞ;
s¼ s1EðtÞ; EðtÞ ¼ expð�νλ2tÞ; β¼ �ω0

t ; ð49Þ
where a1 ¼ a0λ

�3 and s1 ¼ s0λ
�2 are arbitrary constants, while ω

¼ωðtÞ is an arbitrary function. The expressions (49) satisfy system
(47) and follow from formulas (48).

Substituting (49) into (46) and taking into account relations
(5) and (24), we arrive at the stream function

w¼ a1EðtÞ cos ðλyþσÞ½xþωðtÞ�þs1EðtÞ sin ðλyþσÞ�ω0
tðtÞy; ð50Þ

where a1, s1, λ, and σ are arbitrary constants and ω¼ωðtÞ is an
arbitrary function. From formulas (2), we find the velocity com-
ponents

U ¼ �a1λEðtÞ sin ðλyþσÞ½xþωðtÞ�þs1λEðtÞ cos ðλyþσÞ�ω0
tðtÞ;

V ¼ �a1EðtÞ cos ðλyþσÞ; EðtÞ ¼ expð�νλ2tÞ: ð51Þ
Consider the following two cases.
1○. Case σ ¼ 0 (flow in a strip with permeable boundaries): By

setting y¼0 in (51) and introducing a new function θ¼ θðtÞ
instead of ω¼ωðtÞ such that

ωðtÞ ¼ �
Z

θðtÞ dt� s1
νλ

EðtÞþC1;

we obtain

U j y ¼ 0 ¼ θðtÞ; V j y ¼ 0 ¼ �a1EðtÞ: ð52Þ
The first condition in (52) suggests that the boundary y¼0 moves
as a rigid body along the x-axis according to the arbitrary law θðtÞ
(in particular, it performs periodic oscillations if θ is periodic); the
trivial case θ� 0 corresponds to a stationary boundary. The second
condition in (52) suggests that fluid is supplied or withdrawn
through the (permeable) surface, depending on the sign of a1, at a
rate exponentially decreasing with time. Solution (51) is periodic
in y. This implies that the formulas (51) describe a fluid flow in the
strip 0ryr2π=λ, with identical conditions of the form (52) set at
the boundaries for the velocity components.

2○. Case σ ¼ π=2 (flow in a strip with boundary extrusion): At
σ ¼ π=2 and ω¼ 0, formulas (51) become

U ¼ �a1λEðtÞ cos ðλyÞx�s1λEðtÞ sin ðλyÞ;
V ¼ a1EðtÞ sin ðλyÞ; EðtÞ ¼ expð�νλ2tÞ: ð53Þ
By setting y¼0, we get

U j y ¼ 0 ¼ �a1λEðtÞx; V j y ¼ 0 ¼ 0:

These conditions suggest that the boundary y¼0 stretches if a1λ
o0 or shrinks if a1λ40. Solution (53) is periodic in y. It follows
that the formulas (53) describe a flow in the strip 0ryr2π=λ
whose boundaries are deformed in a concerted fashion (e.g., dur-
ing extrusion).

Example 4. By setting s1 ¼ 0 in (53) and renaming x⇄y and U⇄V ,
we obtain

U ¼ a1EðtÞ sin ðλxÞ; V ¼ �a1λEðtÞy cos ðλxÞ: ð54Þ
Further, by setting y¼0, we get

U j y ¼ 0 ¼ a1EðtÞ sin ðλxÞ; V j y ¼ 0 ¼ 0: ð55Þ
These relations suggest that the boundary y¼0 deforms, stretches
or shrinks, periodically in x, with the deformation amplitude
decaying exponentially with time.

Example 5. With α¼ s¼ β¼ 0 and σ ¼ π=2 and in view of (30),
the stream function defined by (24) becomes

w¼ x �a sin ðλyÞþλ0t
λ
y

� �
; ð56Þ

where λ¼ λðtÞ is an arbitrary function. The corresponding fluid
velocity components are

U ¼ x �aλ cos ðλyÞþλ0t
λ

� �
; V ¼ a sin ðλyÞ�λ0t

λ
y: ð57Þ

The function a¼ aðtÞ is related to λ through the third equation in
(47), which can be rewritten as

a0t
a
þ3

λ0t
λ
þνλ2 ¼ 0: ð58Þ

1○. Flow in the first quadrant dependent on free parameters: We
require the no-slip condition at the surface y¼0. This results in the
ODE

λ0t ¼ aλ2: ð59Þ
Eliminating a from Eqs. (58) and (59) yields the following second-
order non-linear ODE for λ¼ λðtÞ:

λλ00ttþðλ0tÞ2þνλ3λ0t ¼ 0: ð60Þ
A first integral of this equation is λλ0tþ1

4 νλ
4 ¼ C1. Integrating fur-

ther gives the solution

λ¼ 7
ffiffiffi
k

p C2eνkt�1
C2eνktþ1

� �1=2

; ð61Þ

where C2 and k40 are arbitrary constants (C1 ¼ 1
2 νk240). For-

mulas (61) make sense for any tZ0 as long as jC2 j41. By letting
t-1, we get λ-7

ffiffiffi
k

p
. In view of (59), the velocity components

(57) can be written as

U ¼ λ0t
λ
x 1� cos ðλyÞ� �

; V ¼ λ0t
λ2

sin ðλyÞ�λy
� �

: ð62Þ

At the surface x¼0, we have U j x ¼ 0 ¼ 0 and V j x ¼ 0 ¼ V0ðt; xÞ,
with V0ðt; xÞ determined by the right-hand side of the second
relation in (62). It follows that the formulas (61) and (62) describe
a flow in the first quadrant (xZ0, y40) due to special stretching/
shrinking of the boundary x¼0 and with fixed boundary y¼0. The
right-hand side of the formula for V in (62) can be treated as a
superposition of linear and oscillatory extrusion.

2○. Flow in the first quadrant dependent on an arbitrary
function: Since a¼ aðtÞ and λ¼ λðtÞ are connected by a single
differential constraint (58), suggesting that either can be con-
sidered arbitrary, these functions can be selected so that the
velocity components (57) at the stretching/shrinking surface
satisfy the conditions U j y ¼ 0 ¼ωðtÞx and V j y ¼ 0 ¼ 0, where ω¼
ωðtÞ is an arbitrary function. In the special case ω¼ const, we get
an unsteady solution satisfying steady-state conditions of
extrusion.

4.6. Exact solutions involving hyperbolic functions of y

1○. System (25), (26) admits exact solutions of the form

f ¼ aðtÞ cosh½λðtÞyþσðtÞ�þbðtÞyþcðtÞ;
h¼ αðtÞ cosh½λðtÞyþσðtÞ�þsðtÞ sinh½λðtÞyþσðtÞ�þβðtÞy; ð63Þ
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where λ¼ λðtÞ, σ ¼ σðtÞ, and α¼ αðtÞ; the other functional coeffi-
cients are given by

a¼ a0
λ3

exp ν
Z
λ2 dt

� �
; b¼ λ0t

λ
; c¼ σ0

t

λ
;

β¼ �1
a
ðα0

tþ2bα�ναλ2Þ; s¼ s0
λ2

exp ν
Z
λ2 dt

� �
; ð64Þ

where a0 and s0 are arbitrary constants.
2○. System (25), (26) admits exact solutions of the form

f ¼ aðtÞ sinh½λðtÞyþσðtÞ�þbðtÞyþcðtÞ;
h¼ αðtÞ sinh½λðtÞyþσðtÞ�þsðtÞ cosh½λðtÞyþσðtÞ�þβðtÞy;
where λ¼ λðtÞ, σ ¼ σðtÞ, and α¼ αðtÞ are arbitrary functions; the
functional coefficients a¼ aðtÞ, b¼ bðtÞ, c¼ cðtÞ, s¼ sðtÞ, and β¼ βðtÞ
are given by (64).
5. Solutions to the general determining system

5.1. Solutions involving exponential functions

System (10)–(12) admits the following exact solution involving
exponential functions:

f ¼ kψe� zþβ; g¼ �kφe� zþδ; h ¼ pe� zþqz: ð65Þ
The seven time-dependent functional coefficients k, p, q, β, δ, φ,
and ψ as well as the functional coefficient b, appearing in the
system, are to be determined in the analysis. Substituting (65) into
system (10)–(12) and collecting the coefficients of the different
exponential functions as well as the free coefficient, we arrive at
an underdetermined system of ordinary differential equations:

ðaþcÞ0t ¼ 0; ð66Þ

kψ 0
tþψk0tþkψ ðsþbÞþakφþkβψ2�kδφψ�νkψ ðφ2þψ2Þ ¼ 0; ð67Þ

kφ0
tþφk0tþkφðs�bÞ�ckψþkβφψ�kδφ2�νkφðφ2þψ2Þ ¼ 0; ð68Þ

p0tþ½βψ�δφ�νðφ2þψ2Þ�pþkðqþβφþδψ Þðφ2þψ2Þ ¼ 0: ð69Þ
In view of the relations (9), it follows from Eq. (66) that

b¼ 2C1φψþψψ 0
t�φφ0

t

φ2þψ2 ; ð70Þ

where C1 is an arbitrary constant.
Multiplying Eq. (67) by φ and Eq. (68) by �ψ and adding toge-

ther followed by rearranging with the aid of (9) and (70), we obtain

φψ 0
t�ψφ0

tþC1ðφ2þψ2Þ ¼ 0: ð71Þ
In Eq. (71), which relates φ and ψ, we change to new variables:

φ¼ ρ cos ξ; ψ ¼ �ρ sin ξ;

where ρ¼ ρðtÞ and ξ¼ ξðtÞ. As a result, we get the simple equation
ξ0t ¼ C1. It follows that

φ¼ ρðtÞ cos ðC1tþC2Þ; ψ ¼ �ρðtÞ sin ðC1tþC2Þ; ð72Þ
where ρ¼ ρðtÞ is an arbitrary function and C2 is an arbitrary con-
stant. Substituting (72) into (9) and (70) yields the coefficients a, b,
and c:

a¼ C1�
ρ0
t

ρ
sin ð2C1tþ2C2Þ; c¼ C1þ

ρ0
t

ρ
sin ð2C1tþ2C2Þ;

b¼ ρ0
t

ρ
½ sin 2ðC1tþC2Þ� cos 2ðC1tþC2Þ� ¼ �ρ0

t

ρ
cos ð2C1tþ2C2Þ: ð73Þ

Further, it follows from Eqs. (68) and (69) in view of the formulas
(72) and (73) and some rearrangements that

δ¼ 1
φ

k0t
k
þ4

ρ0
t

ρ
�νρ2þβψ

� �
;

q¼ 1
kρ2 pðνρ2þδφ�βψ Þ�p0t

� ��βφ�δψ : ð74Þ

Formulas (72)–(74) with arbitrary functions ρ¼ ρðtÞ, k¼ kðtÞ,
β¼ βðtÞ, and p¼ pðtÞ and arbitrary constants C1 and C2 determine
the general solution to system (66)–(69). The corresponding exact
solution to system (10)–(12) is given by (65), which generates an
exact solution of the form (5) to the stream function equation (3).

Remark 5. System (10), (11) admits an exact solution that involves
different exponential functions:

f ¼ α1ezþα2e� zþβzþγ; g ¼ δ1ezþδ2e� zþμzþε;

with the eight time-dependent functional coefficients α1, α2, β, γ,
δ1, δ2, μ, and ε connected by five equations

μφ�βψ ¼ 0;
α0
1þα1ðsþbÞ�aδ1þα1ðβ�γÞψþðα1ε�βδ1Þφ�να1ðφ2þψ2Þ ¼ 0;

α0
2þα2ðsþbÞ�aδ2þα2ðβþγÞψ�ðα2εþβδ2Þφ�να2ðφ2þψ2Þ ¼ 0;

δ01þδ1ðs�bÞþcα1þδ1ðε�μÞφþðα1μ�γδ1Þψ�νδ1ðφ2þψ2Þ ¼ 0;

δ02þδ2ðs�bÞþcα2�δ2ðεþμÞφþðα2μþγδ2Þψ�νδ2ðφ2þψ2Þ ¼ 0:

5.2. Solutions involving trigonometric functions

System (10), (11), (14) admits the following exact solution
involving trigonometric functions:

f ¼ kψ sin ðzþλÞþβ; g¼ �kφ sin ðzþλÞþδ;
h ¼ p sin ðzþλÞþq cos ðzþλÞþrz; ð75Þ
with the nine time-dependent functional coefficients k, p, q, r, λ, β,
δ, φ, and ψ involved in the solution as well as the functional
coefficient b appearing in the system to be determined in the
analysis. By substituting (75) into system (10), (11), (14) and col-
lecting the coefficients of the different trigonometric functions as
well as the free term, we arrive at the underdetermined system of
ordinary differential equations

ðaþcÞ0t ¼ 0; ð76Þ

λ0t�βψþδφ¼ 0; ð77Þ

ðkψ Þ0tþkðsþbÞψþakφþνkψ ðφ2þψ2Þ ¼ 0; ð78Þ

ðkφÞ0tþkðs�bÞφ�ckψþνkφðφ2þψ2Þ ¼ 0; ð79Þ

q0tþpðλ0t�βψþδφÞþνqðφ2þψ2Þ ¼ 0; ð80Þ

p0t�qðλ0t�βψþδφÞþνpðφ2þψ2Þþkðrþβφþδψ Þðφ2þψ2Þ ¼ 0; ð81Þ
whose four functional coefficients can be considered arbitrary.
Recall that the functions a, c, and s are expressed in terms of b, φ, ψ
through the formulas (9) and (13).

Eq. (76) coincides with (66) and results in the formula (70) for b.
By multiplying Eq. (78) by φ and Eq. (79) by �ψ and adding

together followed by some rearrangements with the aid of (9) and
(70), we arrive at an equation coinciding with Eq. (71). Using similar
arguments to those in Section 5.1, we arrive at the same formulas
(72) and (73) for the functional coefficients φ, ψ, a, b, and c.

Substituting (72) and (73) into (78) and integrating, we obtain

k¼ C3

ρ4ðtÞ exp �ν
Z

ρ2ðtÞ dt
� �

; ð82Þ

where C3 is an arbitrary constant.
Solving the remaining three equations (77), (80), and (81)

yields

λ¼ C4�
Z
ρ½β sin ðC1tþC2Þþδ cos ðC1tþC2Þ� dt;
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q¼ C5 exp �ν
Z

ρ2 dt
� �

;

r¼ �βρ cos ðC1tþC2Þþδρ sin ðC1tþC2Þ�
1
kρ2ðp0tþνpρ2Þ; ð83Þ

where C4 and C5 are arbitrary constants.
To sum up, the formulas (72), (73), (82), and (83) define the

general solution to system (76)–(81), which involves four arbitrary
functions of time ρ¼ ρðtÞ, β¼ βðtÞ, δ¼ δðtÞ, and p¼ pðtÞ as well as
five arbitrary constants C1, ..., C5. The corresponding exact solution
to system (10)–(12) is given by Eq. (65), which generates an exact
solution of the form (5) to the stream function equation (3).

Remark 6. System (10), (11) admits exact solutions of the form

f ¼ α1 cos zþα2 sin zþβzþγ; g ¼ δ1 cos zþδ2 sin zþμzþε;

with the eight time-dependent functional coefficients α1, α2, β, γ,
δ1, δ2, μ, and ε connected by five equations

μφ�βψ ¼ 0;

α0
1þα1ðsþbÞ�aδ1þðα1β�α2γÞψþðα2ε�βδ1Þφþνα1ðφ2þψ2Þ ¼ 0;

α0
2þα2ðsþbÞ�aδ2þðα1γþα2βÞψ�ðα1εþβδ2Þφþνα2ðφ2þψ2Þ ¼ 0;

δ01þδ1ðs�bÞþcα1þðδ2ε�μδ1Þφþðα1μ�γδ2Þψþνδ1ðφ2þψ2Þ ¼ 0;

δ02þδ2ðs�bÞþcα2�ðδ1εþδ2μÞφþðα2μþγδ1Þψþνδ2ðφ2þψ2Þ ¼ 0:

5.3. Mixed steady–unsteady solutions to the determining system

A wide class of linearizing solutions to system (10)–(12) can be
obtained by setting

φ¼ const; ψ ¼ const; b¼ const; f ¼ f ðzÞ; g ¼ gðzÞ:
In this case, the first two equations, (10) and (11), represent a
stationary system of ordinary differential equations for f and g. The
third one is a linear partial differential equation with coefficients
independent of t, which suggests that it can be analyzed using the
Laplace or Fourier transform.
6. Reduction of the determining system to fewer equations.
Order reduction of the determining system

6.1. Reduction of system (10)–(12) to two equations

Eq. (11) can be identically satisfied with

g ¼ g1ðtÞzþg0ðtÞ; b¼ψ 0
t

ψ
�φg1ðtÞ; ð84Þ

where g0 ¼ g0ðtÞ, g1 ¼ g1ðtÞ, φ¼φðtÞ, and ψ ¼ψ ðtÞ are arbitrary
functions, with the functional coefficients a and c defined by (9). In
this case, Eq. (10) becomes isolated and then system (10)–(12)
reduces to only two equations (omitted here).

6.2. Reduction of subsystem (10), (11) to a single equation

We will seek solutions to system (10), (11) of the form

f ¼ αðtÞuðt; zÞþβðtÞ; g¼ γðtÞuðt; zÞþδðtÞ; ð85Þ
with the functions α¼ αðtÞ, β¼ βðtÞ, γ ¼ γðtÞ, δ¼ δðtÞ, and u¼ uðt; zÞ
to be determined. We require Eqs. (10) and (11) to coincide after
substituting the expressions (85). This results in a single equation
relating two functions of time:

γα0
t�αγ0tþ2bαγ�aγ2�cα2 ¼ 0: ð86Þ
In view of (86), we get the following equation for u¼ uðt; zÞ:
utzzþλuzzþðδφ�βψ Þuzzzþðαψ�γφÞðuzuzz�uuzzzÞ ¼ νðφ2þψ2Þuzzzz

ð87Þ
with

λ¼ 1
α
α0
tþαðsþbÞ�aγ

� �¼ 1
γ
γ0tþγðs�bÞþcα
� �

: ð88Þ

Substituting (85) into Eq. (12) yields

htzzþðαψ�γφÞuzzhzþ½ðγφ�αψ Þuþδφ�βψ �hzzzþQ ½u� ¼ νðφ2þψ2Þhzzzz;

ð89Þ
where

Q ½u� ¼ ðaþcÞ0tþ2ðαφþγψ Þ0tuzþ2ðαφþγψ Þutzþ½ð3αδ�βγÞφ2

þðαδ�3βγÞψ2þ2ðγδ�αβÞφψ �uzzþ2ðαφþγψ Þðγφ�αψ Þuuzz

�4νðφ2þψ2Þðαφþγψ Þuzzz: ð90Þ
Eqs. (87)–(89) include seven time-dependent functional para-

meters b, α, β, γ, δ, φ, and ψ, which are constrained by a single
equation (86). Hence, six parameters can be considered free. By
varying the parameters appropriately, we can drastically simplify
Eqs. (87)–(89). Let us consider two special cases.

Case 1: We set

α¼ kφ; γ ¼ kψ ; ð91Þ
where k¼ kðtÞ is an arbitrary function. In this case, Eq. (87)
becomes linear; with the substitution v¼ uzz , it can be reduced to
a second-order parabolic equation and further to the classical heat
equation (see Eq. 4 on page 147 in [74]). In addition, if the con-
ditions (91) hold, Eq. (89) can also be reduced, with the change of
variable H ¼ hzz, to a second-order parabolic equation and further
to the heat equation with source.

Case 2: We set

α¼ kψ ; γ ¼ �kφ; ð92Þ
with k¼ kðtÞ to be determined. If the conditions (92) hold, Eqs.
(87) and (89) become

utzzþλuzzþðδφ�βψ Þuzzz

þkðφ2þψ2Þðuzuzz�uuzzzÞ ¼ νðφ2þψ2Þuzzzz ; ð93Þ

htzzþðaþcÞ0tþkðφ2þψ2Þðβφþδψ Þuzzþðδφ�βψ Þhzzz

þkðφ2þψ2Þðhzuzz�uhzzzÞ ¼ νðφ2þψ2Þhzzzz; ð94Þ
where

λ¼ k0t
k
þ 1

ψ2þ
2

φ2þψ2

� �
ðφφ0

tþψψ 0
tÞþ

b
ψ2ðφ2þψ2Þ: ð95Þ

In view of (9) and (13), relation (86), connecting the functional
parameters, can be rewritten as

ðφ2�ψ2Þðφφ0
tþψψ 0

tÞþbðφ2þψ2Þ2 ¼ 0:

6.3. Reduction of system (10)–(12) to a single non-linear PDE

The following theorem holds true, which allows one to find
exact solutions to the three-equation system (10)–(12) using
solutions to a single non-linear PDE.

Theorem 4. Suppose the functional coefficients a, b, and c in (5) are
defined by (73). Then system (10)–(12) admits the exact solution

f ¼ �kρ sin ξ uðt; zÞþβ;
g¼ �kρ cos ξ uðt; zÞþδ;

h ¼ puðt; zÞþqzþr; ð96Þ



A.D. Polyanin, A.I. Zhurov / International Journal of Non-Linear Mechanics 79 (2016) 88–9896
where k¼ kðtÞ, ρ¼ ρðtÞ, β¼ βðtÞ, δ¼ δðtÞ, p¼ pðtÞ, and r¼ rðtÞ are
arbitrary functions,

ξ¼ C1tþC2;

q¼ 1
kρ2 pρðνρþδ cos ξþβ sin ξÞ�p0t

� �þρðδ sin ξ�β cos ξÞ; ð97Þ

with C1 and C2 being arbitrary constants; the function u¼ uðt; zÞ is a
solution of the non-linear partial differential equation with variable
coefficients

utzzþ
k0t
k
þ4

ρ0
t

ρ

� �
uzzþρðδ cos ξþβ sin ξÞuzzzþkρ2ðuzuzz�uuzzzÞ ¼ νρ2uzzzz:

ð98Þ

By varying the arbitrary functions appearing in (96)–(98)
appropriately, one can find exact solutions to system (10)–(12).

Example 6. We look for a generalized separable solution to Eq.
(98) of the form

u¼ AzmþBzþC; ð99Þ
with the functional coefficients A¼ AðtÞ, B¼ BðtÞ, and C ¼ CðtÞ and
constant m to be determined. By substituting (99) into (98) and
performing simple rearrangements, we obtain

m¼ �1; A¼ 6ν
k
; B¼ � ρ0

t

kρ2; C ¼ 1
kρ

ðδ cos ξþβ sin ξÞ: ð100Þ

Formulas (96), (97), (99), and (100) define an exact solution to
system (10)–(12) with coefficients (5). This solution involves five
arbitrary functions of time: k¼ kðtÞ, ρ¼ ρðtÞ, β¼ βðtÞ, δ¼ δðtÞ, and
p¼ pðtÞ.

6.4. Order reduction of system (10)–(12)

System (10), (11) admits order reduction. Indeed, let us inte-
grate the system with respect to z to obtain

f tzþðsþbÞf z�agzþψ ðf 2z � ff zzÞþφðgf zz� f zgzÞ ¼ νðφ2þψ2Þf zzzþp0ðtÞ;
ð101Þ

gtzþðs�bÞgzþcf zþψ ðgzf z� fgzzÞþφðggzz�g2z Þ ¼ νðφ2þψ2Þgzzzþq0ðtÞ;
ð102Þ

where p0ðtÞ and q0ðtÞ are arbitrary functions. The order of Eq. (12) can
be reduced with the substitution H¼ ðφ2þψ2Þhz, which results in

Htzþðψ f zz�φgzzÞHþðφg�ψ f ÞHzzþa0tþc0tþ2φ0
t f zþ2ψ 0

tgzþ2φf tz
þ2ψgtzþ½ð3φ2þψ2Þg�2φψ f � f zzþ½2φψg�ðφ2þ3ψ2Þf �gzz
�4νðφ2þψ2Þðφf zzzþψgzzzÞ ¼ νðφ2þψ2ÞHzzz: ð103Þ
Interestingly, system (101), (102) is more difficult to analyze for the

purpose of finding exact solutions than the original system (10), (11),
which contains higher-order derivatives. This is because the combi-
nations Φ¼ f 2z � ff zz and Ψ ¼ gzf z� fgzz are not reduced to zero with
the simplest trigonometric or hyperbolic functions of z, unlike the
combinations ~Φ ¼Φz ¼ f zf zz� ff zzz and ~Ψ ¼Ψ z ¼ gzf zz� fgzzz , appea-
ring in the original system.

6.5. An independent equation for a linear combination of f and g.
Reduction of system (10)–(12) to a triangular form

Let us multiply Eq. (10) by ψ and Eq. (11) by �φ and add
together. By introducing the new function

Θ¼ψ f �φg; ð104Þ
which is a linear combination of the desired functions f and g,
taking into account the relations (8), and performing some rear-
rangements, we obtain the following independent equation for
Θ¼Θðt; zÞ:
ΘtzzþsΘzzþΘzΘzz�ΘΘzzz ¼ νðφ2þψ2ÞΘzzzz: ð105Þ

By expressing g from (104) via f and Θ, substituting it in Eq.
(10), and using the first formula in (9), we arrive at the equation

f tzzþ s�φ0
t

φ

� �
f zzþ

a
φ
ΘzzþΘzzf z�Θf zzz ¼ νðφ2þψ2Þf zzzz; ð106Þ

which is linear in f.
The combination of the three equations (105), (106), and (12)

represents a triangular system in the sense that the first equation
depends onΘ alone, the second depends on f andΘ, and the third
depends on h, f, and Θ. This system can be solved consecutively,
starting from the first equation. In Eq. (12), the function g should
be expressed in terms of f and Θ using (104). Any particular
solution (e.g., a stationary solution) to Eq. (105) generates a line-
arizing solution to the triangular system.
7. Brief conclusions

We have studied unsteady Navier–Stokes equations with two
space variables. The corresponding non-linear fourth-order PDE
for the stream function w with three independent variables t, x,
and y has been shown to admit functional separable solutions of
the form

w¼ xf ðt; zÞþygðt; zÞþhðt; zÞþ1
2 aðtÞx2þbðtÞxyþ1

2 cðtÞy2;
z¼φðtÞxþψ ðtÞy;
with the functions f ðt; zÞ, gðt; zÞ, and hðt; zÞ described by a system of
three partial differential equations with two independent vari-
ables. We have found a number of exact solutions to this system,
which generate new classes of exact solutions to the unsteady
Navier–Stokes equations. All solutions involve two or more arbi-
trary functions of a single argument as well as a few free para-
meters. Many of the solutions obtained are expressed in terms of
elementary functions, provided that the arbitrary functions are
also elementary (such solutions, having relatively simple form and
presenting significant arbitrariness, can be especially useful for
solving certain model problems and testing numerical and
approximate analytical hydrodynamic methods). We have also
obtained a few new solutions to the Navier–Stokes equations that
are expressible in terms of solutions to linear PDEs. We have stated
and proved a few theorems that allow one to construct and gen-
eralize exact solutions. We have presented several examples
illustrating how the results obtained can be used to describe some
model flows of viscous incompressible fluids, including a flow in a
strip with permeable boundaries, flow in a strip with boundary
extrusion, flow onto a shrinking plane, and others. We have dis-
cussed a few blow-up flows generated by solutions with singula-
rities at finite times.
Appendix

The functional coefficients on the left-hand side of Eq. (6) are
expressed as

A¼ ðφ2þψ2Þðφ0
tþbφ�aψ Þf zzz;

B¼ ðφ2þψ2Þ½ðψ 0
tþcφ�bψ Þf zzzþðφ0

tþbφ�aψ Þgzzz�;
C ¼ ðφ2þψ2Þðψ 0

tþcφ�bψ Þgzzz;
D¼ ½ð2φ2þψ2Þ0tþψ ðφ2þψ2Þf zþbð3φ2þψ2Þ�2aφψ �f zz

þ½2ψφ0
t�φðφ2þψ2Þf z�aðφ2þ3ψ2Þþ2bφψ �gzz

þðφ2þψ2Þðφg�ψ f Þf zzzþðφ2þψ2Þf tzz�νðφ2þψ2Þ2f zzzz
þðφ2þψ2Þðφ0

tþbφ�aψ Þhzzz;
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E¼ ½ðφ2þ2ψ2Þ0t�φðφ2þψ2Þgz�bðφ2þ3ψ2Þþ2cφψ �gzzþ½2φψ 0
t

þψ ðφ2þψ2Þgzþcð3φ2þψ2Þ�2bφψ �f zzþðφ2þψ2Þðφg�ψ f Þgzzz

þðφ2þψ2Þgtzz�νðφ2þψ2Þ2gzzzzþðφ2þψ2Þðψ 0
tþcφ�bψ Þhzzz;

F ¼ ðφ2þψ2Þðψ f zz�φgzzÞhzþðφ2þψ2Þ0thzzþðφ2þψ2Þðφg�ψ f Þhzzz
þðφ2þψ2Þhtzz�νðφ2þψ2Þ2hzzzzþa0tþc0tþ2φ0

t f zþ2ψ 0
tgz

þ½ð3φ2þψ2Þg�2φψ f �f zzþ½2φψg�ðφ2þ3ψ2Þf �gzz
þ2φf tzþ2ψgtz�4νðφ2þψ2Þðφf zzzþψgzzzÞ:
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