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Abstract—A new knee-like approximation of the lateral distribution function (LDF) of EAS Cherenkov light
in the 30–3000 TeV energy range was proposed and tested with simulated showers in our earlier studies. This
approximation fits the LDFs of individual showers accurately for all types of primary particles gamma-rays,
protons, and nuclei) and is suitable for reconstructing the shower core, determining the energy, and separat-
ing gamma-induced showers from hadron-induced ones. In the present study, the knee-like fitting function
is used to determine the parameters of real showers detected by TAIGA-HiSCORE. It is demonstrated that
this approximation characterizes properly all types of individual LDFs of experimental events in the 300–
1000 TeV range. The accuracy of fit is governed by f luctuations intrinsic to the process of measurement of the
Cherenkov photon density. The probability density function of these f luctuations was reconstructed and
introduced into simulations. Certain useful methodical applications of the knee-like approximation are con-
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APPLICATION OF NEW APPROXIMATIONS OF THE LATERAL DISTRIBUTION 1295
sidered, and the possibility of shower sorting into nuclei groups is examined. The extensive statistical coverage
and detailed LDF measurement data of HiSCORE have provided the first opportunity to examine in depth
the LDF of Cherenkov radiation in the 300–1000 TeV range.
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1. INTRODUCTION
Primary particles (cosmic rays and gamma-rays)

entering the atmosphere are unable to reach ground-
based detectors, since the thickness of the atmo-
spheric layer exceeds the range of nuclear interaction
by a factor of 10 or more. However, high-energy parti-
cles generate cascades of secondary particles (exten-
sive air showers, EASs), thus producing different types
of radiation that may be detected by ground-based
facilities. EAS Cherenkov radiation, which is pro-
duced by secondary charged particles moving with
velocities higher than the speed of light in air, is often
used in such experiments. In gamma-ray astronomy,
imaging atmospheric Cherenkov telescopes (IACTs)
have been used since 1989 by the Whipple collabora-
tion [1], and a number of much more sophisticated
observatories (VERITAS, MAGIC, etc. [2–4]) are
currently in operation. In cosmic ray physics, net-
works of wide-angle optical stations, which measure
the Cherenkov photon density and the light front
arrival time Qi(R, t), are normally used instead of
IACTs. Such setups are less costly than IACTs, and
their effective detection area may be larger than 10 km2

[5–7]. The HiSCORE (High Sensitivity Cosmic ORi-
gin Explorer) array of the TAIGA (Tunka Advanced
Instrument for cosmic ray physics and Gamma-ray
Astronomy) observatory [7–9] is one of the most rap-
idly developing facilities of this kind. It is designed to
search for primary gamma-rays with energies E > 30–
50 TeV and study the spectra and the composition of
cosmic rays with E > 100 TeV.

Having analyzed the Cherenkov photon density
and the light front arrival times, one may determine
the parameters of primary particles producing the
shower (specifically, their arrival direction and energy
and the position of the shower core [9–11]). The
determination of the particle type is a separate and dif-
ficult problem. The idea of using the differences in lat-
eral distribution functions (LDFs) of Cherenkov radi-
ation was proposed as a criterion for EAS sorting by
particle type more than 30 years ago, when it became
clear that the LDF slope is correlated with the depth of
the shower maximum and, consequently, with the
type of primary particles [12]. The results of our stud-
ies with simulated showers revealed that the slope and
features of the shower LDF depend on several factors
(energy, angle of arrival, depth of the maximum); in
addition, it was demonstrated that not only the general
LDF is sensitive to the type of primary particles.
Therefore, the choice of fitting functions for the LDF,

which should reproduce the specific features of the
lateral distribution, is crucial to solving this problem.
The extensive statistical coverage and detailed LDF
measurement data of HiSCORE have provided the
first opportunity to examine in depth the LDF of Che-
renkov light in the 300–1000 TeV range and sort show-
ers into groups of nuclei.

HiSCORE used an adapted method for recon-
structing the shower parameters developed for Tunka-
133 (a wide-angle nonimaging Cherenkov experiment
[13]) and the 1016–1018 eV energy range. A universal
piecewise continuous function [9, 11] (Tunka fit) was
constructed from four functions with their parameter
set reduced to two parameters: a (normalizing factor)
and bxy (LDF slope). The Tunka fit is well suited for
all LDFs within its design range of 1015–1018 eV. It also
provides a close fit to the majority of LDFs in the 30–
3000 TeV range; however, we have demonstrated in
[14] that gamma-ray induced and nuclear showers
with large (>40°) arrival angles may have a sagging
shape with sharp edges, which are not reproduced by
the fitting functions in question. This prompted the
development of new knee-like approximations. The
results of tests with Monte Carlo simulated showers
[14–16] confirmed that these new functions provide a
close fit to all LDF types for all primary particles with
energies ranging from several tens of teraelectronvolts
to petaelectronvolts. In the present study, the knee-
like function is used to determine the parameters of
experimental showers detected by TAIGA-HiSCORE,
and the fitting accuracy and the influencing factors are
examined. Certain practical applications of the knee-
like approximation and the possibility of separating
light nuclei from heavy ones by parametric analysis of
LDFs are also considered.

2. KNEE-LIKE APPROXIMATION
The knee-like function proposed in [14] character-

izes the lateral density of Cherenkov photons (i.e., the
density as a function of distance to the shower core in the
shower plane Q(R)). Function (1) depends on four
parameters (γ1, γ2, R0, and α) and normalizing factor С:

(1)

Although LDFs vary greatly, all of them have a spe-
cific shape on a log-log scale and resemble the knee in
the spectrum of Galactic cosmic rays, which was char-
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Fig. 1. Knee-like Cherenkov LDF approximation and its
parameters: R0 is the knee position, γ1 and γ2 + γ1 are the
slope factors of the power function before and after the
knee, α characterizes the smoothness of the knee, and C is
a normalizing factor.
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acterized earlier in [17]: a disk of direct Cherenkov
light Q(R) ~  propagates to the point of the
knee (R0). Beyond R0, Q(R) also has a power-law

shape Q(R) ~ , but the photon density decreases
greatly: γ1 + γ2 ≃ 2. This part represents the radiation
produced by multiple rescattering of electrons.
Parameter R0 depends almost linearly on the distance
to the depth of the maximum and falls within the range
of 75–170 m [14–16]. Parameter α governs the degree
of curve bending at the knee point and is the distin-
guishing feature of our approximation. It varies from
zero to infinity and normally has a double-humped
distribution, which allows one to distinguish smooth
LDFs from sharp ones. The results of earlier Monte
Carlo tests with simulated EASs [14–16] revealed that
this function fits all individual LDFs accurately in the
30–3000 TeV energy range with zenith angles varying
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from 0° to 50° and R up to 600 m; the root-mean-
square error is ~0.0005–0.002 on a logarithmic scale
for all energies and all particle types. The parameters
depend monotonically on energy and are correlated
with each other. This makes it possible to reduce the
number of parameters from five to three if few detec-
tors were triggered [15]. It was demonstrated in [15, 16]
that the knee-like function is suitable for reconstruct-
ing the shower core, determining the energy, and sep-
arating gamma-ray induced showers from those
induced by charged particles. In the present study, we
focus on the specifics of application of this function to
experimental showers detected by HiSCORE.

3. APPROXIMATION OF LDFs
OF EXPERIMENTAL EVENTS

BY KNEE-LIKE FITTING FUNCTIONS

A sample of showers detected by TAIGA-HiSCORE
on January 1 and February 1, 2017, was used. A total of
28 optical stations (each with an angle of view of 0.6 sr
and an effective light-collection area of 0.5 m2) dis-
tributed over an area of 0.25 km2 at a pitch of 106 m
were then active. Each station operates independently
and detects Cherenkov pulses at a pitch of 0.5 ns,
which is synchronized with all the other stations.
Amplitude at maximum Ai, time Ti, and total density
Qi of Cherenkov photons, which is determined as the
integral of a pulse (i.e., the area below it), are mea-
sured. A trigger signal is produced if the amplitude
exceeds the average background night-sky level by 5σ.
The design of the optical station, the structure of data
recording and synchronization systems, and other
technical details were discussed in [7–9]. The sample
contains showers with a station counting rate of 16 Hz,
which corresponds to cloudless and moonless nights.

The shower parameters were reconstructed in
accordance with the standard HiSCORE procedure
[9, 10]: the shower arrival direction (θ, ϕ) is first esti-
YSICS OF ATOMIC NUCLEI  Vol. 81  No. 9  2018

dots) and the corresponding approximating knee-like functions.
sition (see Section 4).
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Fig. 3. Left panel: distributions of experimental deviations dlogQ = logQexp – logQfit from fitting functions for three narrow Q
intervals and their Gaussian approximations. Right panel: overall distributions of dlogA: black and gray bars correspond to exper-
iments and Monte Carlo simulations with measurement f luctuations (2) factored in, respectively.
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mated roughly according to delay time Ti of each sta-
tion under the assumption of a plane time front; the
position of the shower core (X0, Y0) is then deter-
mined by fitting pulse amplitudes Ai of each station
with the Tunka fit function [9, 11]; the shower arrival
direction is reconstructed more accurately under the
assumption of a cone-shaped time front with the
known position of the shower core; the energy is deter-
mined on the basis of the Q(200 m) value. Only the
showers with cores located within the boundaries of
the setup are selected for further study.

At the next stage, we use function (1) to approxi-
mate radial density Qi(Ri) of Cherenkov photons
detected by station i and the corresponding depen-
dence Ai(Ri). It was demonstrated in [14, 15] that the
positions of shower cores are determined accurately
(with an error of ~1–3 m) by both the knee-like and
Tunka fit functions if the number of triggered stations
is sufficiently large (Nhit > 10). Therefore, the standard
procedure was used at the stage of core determination.

A total of 40 000 events in the 300–1000 TeV range
with zenith angles below 25° and Nhit > 10 were ana-
lyzed. The fit was very accurate for all events. Figure 2
shows two examples of experimental Q(R) depen-
dences and the corresponding fitting functions (1) on
a log–log scale.

It can be seen that both types of LDFs (those with
a sharp bend at the knee point and a dip in the central
region and smooth LDFs) are approximated well. A
considerable random spread of experimental points
Qexp about the fitting curve Qfit is also seen. This spread
is attributable to the possible errors of fitting and the
inaccuracy of Q measurements (measurement f luctu-
ations). It follows from general considerations that
these f luctuations should be inversely proportional to
the square root of Q, since Q is proportional to the
PHYSICS OF ATOMIC NUCLEI  Vol. 81  No. 9  2018
number of detected photoelectrons. However, they
may also depend on certain technical details of the
measurement process. The distributions of deviations
dlogQ = logQfit – logQexp and dlogA = logAfit – logAexp
should be studied in order to construct a model of
measurement f luctuations and introduce them into
Monte Carlo simulations.

It was found (Fig. 3a) that F(dlogQ) and F(dlogA)
in narrow Q (or А) intervals follow a Gaussian distri-
bution with a root-mean-square deviation (RMS)
decreasing rapidly with an increase in Q or A. The
RMS(Q) and RMS(A) dependences were determined:

(2)

The overall distribution of deviations was com-
pared with the results of Monte Carlo modeling in
CORSIKA 6990 for four types of particles: protons
and helium, carbon, and iron nuclei. The energy spec-
trum of particles was a power-law one (~E−1.67). Each
one of the 28 stations measured the Qi and Ai values,
and measurement f luctuations with a Gaussian distri-
bution and root-mean-square deviation (2) were
added to them. The procedure of reconstruction of
shower parameters (similar to the experimental one)
was then applied. The events with E = 300–1000 TeV
and zenith angles from 0° to 25° were selected. Figure 3b
presents the comparison between the calculated and
experimental functions F(dlogQ) of the distribution of
deviations from the fitting curve. It can be seen that
they agree closely. These distributions do not follow
the normal law.

The study of f luctuations is relevant for applica-
tions. As experience shows, they alter the fit parame-
ters slightly and thus should be taken into account in

= −
= −
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Fig. 4. Mean values of dlogA and root-mean-square devi-
ations from fitting functions for different stations obtained
using the set of experimental events from January 1, 2017
(black dots). Gray dots represent the results of Monte
Carlo modeling of events with measurement f luctuations
(2) and errors that do not depend on the station number.
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4. EXAMPLES OF APPLICATION
OF APPROXIMATIONS IN VARIOUS 

METHODOLOGICAL PROBLEMS
4.1. Performance Check for Optical Stations

Figure 4 shows the mean values and RMS of dlogQ
for different stations for the selection of experimental
events and Monte Carlo simulations. It follows from
the results of Monte Carlo modeling that neither the
mean value nor the RMS should depend on the station
number. In experiments, certain stations (nos. 14 and
18) have considerably larger RMS values, and certain
stations (nos. 21–26) have a slight systematic shift of
mean values. Performing this check for every day of
observations, one may introduce corrections for each
station.

4.2. Estimation of the Photon Density
at an Arbitrary Point of the Setup Q(X, Y)

Owing to the high accuracy of fit, the knee-like
approximation allows one to predict the density of
Cherenkov photons at any fixed point of the setup.
The first example is the estimation of Q200 (photon
density at a distance of 200 m from the shower core in
the shower plane). This quantity is almost propor-
tional to energy and is used in HiSCORE to determine
the energy. In our sample of experimental events (E =
300–1000 TeV, θ < 25°, Nhit > 10), the accuracy was
determined in Monte Carlo simulations with mea-
surement f luctuations (2) and was estimated at 5%.
PH
The first IACT used in HiSCORE for gamma-ray
astronomy was commissioned in 2017. It then became
necessary to estimate the expected image size at the
telescope position (QHiSCORE) and compare it to the
size measured by the IACT (SizeIACT). The first data
on the image sizes obtained at the commissioning
phase (only 6 out of 34 mirrors were installed) are in
good agreement (Fig. 5).

4.3. Comparison of the Accuracy of Fitting
of the Same Set of Experimental LDFs by the Tunka 

and Knee-Like Functions
The A(R) amplitude dependences were used. The

root-mean-square error (RMSE) was calculated for
each experimental event:

(3)= ∑
2( log )
,id A

RMSE
N
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Fig. 7. Left panel: distribution of R0 values; right panel: correlation between γ1 and R0. The data were obtained using simulated
events for the groups of light (Pr + He) and heavy (С + Fe) nuclei in the 300–1000 TeV energy range at angles θ < 25°.
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where dlogAi = logAfit – logAexpare deviations of the
experimental point from the fitting curve for station i,
and N is the number of triggered stations minus two.
The RMSE distribution of showers is shown in Fig. 6,
where 〈RMSE〉 ~ 0.05 for the knee-like fit and ~ 0.06
for the Tunka fit. The distributions are also similar in
shape. As was mentioned in Section 1, much more sig-
nificant differences are expected for distributions for
certain types of events lacking in the sample under
study (gamma-rays, events with larger angles, or
events with lower energies).

4.4. Parameters Sensitive to the Depth of the Maximum

The most important objective of studies in the
300–1000 TeV range is the sorting of nuclei into differ-
ent groups based on the LDF shape. The results of our
Monte Carlo simulations revealed that parameter R0,
which depends linearly on the depth of the maximum
(i.e., the distance to the EAS maximum), is the most
sensitive. Parameters γ1 and α also depend on the
depth of the maximum. Figure 7 shows the distribu-
tion of R0 and the scatter plot in coordinates γ1 – R0 for
light (Pr + He) and heavy (С + Fe) groups of nuclei.
The presented data were obtained in Monte Carlo
simulations with the measurement f luctuations fac-
tored in. This problem requires multiparametric anal-
ysis and careful consideration of methodological
issues and will be discussed in detail in further studies.

5. CONCLUSIONS

The application of knee-like approximations of the
LDF of Cherenkov light, which were proposed earlier
in [14–16], to real showers detected by TAIGA-HiS-
CORE in the 300–1000 TeV range was considered.
Only the showers with well-measured (by ten or more
stations) LDFs were examined. It was demonstrated
that knee-like fitting functions are suitable for all vari-
PHYSICS OF ATOMIC NUCLEI  Vol. 81  No. 9  2018
eties of LDFs of individual showers. The accuracy of
fit is governed by f luctuations intrinsic to the process
of measurement of the Cherenkov photon density. The
probability density function of these f luctuations was
estimated, and the dependence of the root-mean-
square deviation on the photon density was deter-
mined. It was demonstrated that both of these laws
should be taken into account in the comparison of
experiments with Monte Carlo simulations. Several
practical applications of knee-like approximations
were considered: performance check for optical sta-
tions; cross calibration for the Cherenkov photon den-
sity measured by the IACT (image size) and HiS-
CORE stations; estimation of the accuracy of different
approximations of photon density Q(R) and density
amplitude A(R); analysis of the sensitivity of fitting
parameters to the depth of the shower maximum and
the particle type (this analysis is currently under way).
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