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Ñèìïëåêòè÷åñêàÿ ðåäóêöèÿ è ìîìåíò-óãîë-ìíîãîîáðàçèÿ

Ïîêîîðäèíàòíîå äåéñòâèå m-òîðà Tm íà Cm ãàìèëüòîíîâî ïî
îòíîøåíèþ ê ω = i

∑m
k=1 dzk ∧ dz̄k ñ îòîáðàæåíèåì ìîìåíòîâ

µ : Cm → Rm = Lie(Tm)∗, (z1, . . . , zm) 7→ (|z1|2, . . . , |zm|2).

Ãàìèëüòîíîâî òîðè÷åñêîå ìíîãîîáðàçèå M2n åñòü ñèìïëåêòè÷åñêèé
ôàêòîð Cm//K ïî äåéñòâèþ (m− n)-ìåðíîãî ïîäòîðà K ⊂ Tm. Íà í¼ì
èìååòñÿ ãàìèëüòîíîâî äåéñòâèå òîðà Tm/K ∼= T n.

Îòîáðàæåíèå ìîìåíòîâ äëÿ äåéñòâèÿ K íà Cm çàäà¼òñÿ êîìïîçèöèåé

µK : Cm µ−→ Rm → k∗.

Âûáåðåì ðåãóëÿðíîå çíà÷åíèå δ ∈ k∗ ∼= Rm−n. Òîãäà M2n = µ−1
K (δ)/K .

Íà M åñòü ñèìïëåêòè÷åñêàÿ ôîðìà ω′, óäîâëåòâîðÿþùàÿ óñëîâèþ
p∗ω′ = i∗ω, ãäå p : µ−1

K (δ) → M2n è i : µ−1
K (δ) ↪→ Cm.
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Z := µ−1
K (δ) � ìîìåíò-óãîë-ìíîãîîáðàçèå (moment-angle manifold).

Åãî ìîæíî çàäàòü êàê ïåðåñå÷åíèå (m − n) ýðìèòîâûõ êâàäðèê â Cm:

Z =
{
(z1, . . . , zm) ∈ Cm :

m∑
k=1

γjk |zk |2 = δj , j = 1, . . . ,m − n
}
.

Ôàêòîðïðîñòðàíñòâî Z/Tm = M2n/T n � âûïóêëûé ìíîãîãðàííèê â
Lie(T n)∗ ⊂ Rm (ìíîãîãðàííèê ìîìåíòîâ), çàäàííûé êàê

P =
{
(y1, . . . , ym) ∈ Rm

⩾ :
m∑

k=1

γjkyk = δj , j = 1, . . . ,m − n
}
.

Åãî íîðìàëè ê ãèïåðãðàíÿì a1, . . . , am � íàáîð âåêòîðîâ,
äâîéñòâåííûé ïî Ãåéëó ê γ1, . . . , γm ∈ k∗. Íîðìàëè óäîâëåòâîðÿþò
óñëîâèþ Äåëüçàíà: åñëè ãèïåðãðàíè Fi1 , . . . ,Fin ïåðåñåêàþòñÿ â
âåðøèíå, òî {ai1 , . . . , ain} � áàçèñ ðåø¼òêè.
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Ìîìåíò-óãîë-êîìïëåêñ (ïîëèýäðàëüíîå ïðîèçâåäåíèå)

K � ñèìïëèöèàëüíûé êîìïëåêñ íà [m] = {1, 2, . . . ,m}
I = {i1, . . . , ik} ∈ K � ñèìïëåêñ; âñåãäà ∅ ∈ K.

Ðàññìîòðèì m-åäèíè÷íûé ïîëèäèñê:

Dm = {(z1, ..., zm) ∈ Cm : |zi |2 ⩽ 1 ïðè i = 1, ...,m}.
Ìîìåíò-óãîë-êîìïëåêñ

ZK :=
⋃
I∈K

(∏
i∈I

D×
∏
i /∈I

S
)
⊂ Dm,

ãäå S � ãðàíèöà åäèíè÷íîãî äèñêà D.

Íà ZK äåéñòâóåò òîð Tm.
Åñëè K � ñèìïëèöèàëüíîå ðàçáèåíèå ñôåðû (íàïðèìåð, ãðàíèöà
ñèìïëèöèàëüíîãî ìíîãîãðàííèêà), òî ZK � òîïîëîãè÷åñêîå
ìíîãîîáðàçèå, ìîìåíò-óãîë-ìíîãîîáðàçèå.
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Ïðèìåð

1. K = s
s

s�
��

A
AA

(ãðàíèöà òðåóãîëüíèêà). Òîãäà

ZK = (D× D× S) ∪ (D× S× D) ∪ (S× D× D) = ∂(D3) ∼= S5.

2. K = s
s

s
s

(ãðàíèöà êâàäðàòà). Òîãäà ZK ∼= S3 × S3.

3. K = ss s
s s��@@

Òîãäà ZK ∼= (S3×S4)# · · ·#(S3×S4) (5 ýêçåìïëÿðîâ).

4. K = s
s

s (òðè òî÷êè). Òîãäà

ZK = (D× S× S) ∪ (S× D× S) ∪ (S× S× D) ≃ S3 ∨ S3 ∨ S3 ∨ S4 ∨ S4

(íå ìíîãîîáðàçèå).
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Àíàëîãè÷íî îïðåäåëèì îòêðûòîå ïîäìíîãîîáðàçèå U(K) ⊂ Cm:

U(K) :=
⋃
I∈K

(∏
i∈I

C×
∏
i /∈I

C×
)
, C× = C \ {0}.

Òîãäà U(K) � òîðè÷åñêîå ìíîãîîáðàçèå, ñîîòâåòñòâóþùåå âååðó

ΣK = {R⩾⟨e i : i ∈ I ⟩ : I ∈ K},

ãäå e i îáîçíà÷àåò i-é ñòàíäàðòíûé áàçèñíûé âåêòîð â Rm.

Òåîðåìà

à) U(K) = Cm \
⋃

{i1,...,ik}/∈K

{zi1 = · · · = zik = 0}

(äîïîëíåíèå íàáîðà êîîðäèíàòíûõ ïîäïðîñòðàíñòâ);

á) Ñóùåñòâóåò äåôîðìàöèîííàÿ ðåòðàêöèÿ U(K)
≃−→ ZK.

Íàïðèìåð, K = s
s

s�
��

A
AA

U(K) = C3 \ {z1 = z2 = z3 = 0} ≃−→ S5 = ZK.
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Êîìïëåêñíûå ñòðóêòóðû íà ìîìåíò-óãîë-ìíîãîîáðàçèÿõ

Îáùèé ïîäõîä: ðåàëèçîâàòü äåôîðìàöèîííóþ ðåòðàêöèþ
U(K) → ZK êàê ïðîåêöèþ íà ïðîñòðàíñòâî îðáèò ãîëîìîðôíîãî,
ñâîáîäíîãî è ñîáñòâåííîãî äåéñòâèÿ êîìïëåêñíî-àíàëèòè÷åñêîé
ïîäãðóïïû H ⊂ (C×)m, ò. å. ZK = U(K)/H. Òåì ñàìûì ZK íàäåëÿåòñÿ
ñòðóêòóðîé êîìïëåêñíîãî ìíîãîîáðàçèÿ.

Ïóñòü K � òðèàíãóëÿöèÿ ñôåðû, ò. å. |K| ∼= Sn−1.
|K| ⊂ Rn íàçûâàåòñÿ çâ¼çä÷àòîé òðèàíãóëÿöèåé côåðû, åñëè
ñóùåñòâóåò òàêàÿ òî÷êà x /∈ |K|, ÷òî ëþáîé ëó÷ èç x ïåðåñåêàåò |K| â
åäèíñòâåííîé òî÷êå.

Âûïóêëàÿ òðèàíãóëÿöèÿ KP ÿâëÿåòñÿ çâ¼çä÷àòîé, íî íå íàîáîðîò!

K ÿâëÿåòñÿ çâ¼çä÷àòîé òðèàíãóëÿöèåé ñôåðû òîãäà è òîëüêî òîãäà,
êîãäà K ïðîèñõîäèò èç ïîëíîãî ñèìïëèöèàëüíîãî âååðà Σ.
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a1, . . . , am ∈ Rn � îáðàçóþùèå 1-ìåðíûõ êîíóñîâ âååðà Σ.

q : Rm → Rn, e i 7→ ai .

Ïîëîæèì Rm
> = {(y1, . . . , ym) ∈ Rm : yi > 0} è îïðåäåëèì

R := exp(Ker q) =
{
(y1, . . . , ym) ∈ Rm

> :
m∏
i=1

y
⟨ai ,u⟩
i = 1 äëÿ âñåõ u ∈ Rn

}
,

R ⊂ Rm
> äåéñòâóåò íà U(K) ⊂ Cm ïîêîîðäèíàòíî.

Òåîðåìà

Ïóñòü Σ � ïîëíûé ñèìïëèöèàëüíûé âååð â Rn ñ m îäíîìåðíûìè

êîíóñàìè, è ïóñòü K = KΣ ñîîòâåòñòâóþùèé ñèìïëèöèàëüíûé

êîìïëåêñ. Òîãäà

à) R ∼= Rm−n äåéñòâóåò íà U(K) ñâîáîäíî è ñîáñòâåííî, òàê ÷òî

U(K)/R ÿâëÿåòñÿ ãëàäêèì (m + n)-ìåðíûì ìíîãîîáðàçèåì;

á) U(K)/R ãîìåîìîðôíî ZK (Tm-ýêâèâàðèàíòíî).
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Ïðåäïîëîæèì, ÷òî m − n ÷¼òíî. Ïîëîæèì ℓ = m−n
2

.

Âûáåðåì ëèíåéíîå ψ : Cℓ → Cm, óäîâëåòâîðÿþùåå äâóì óñëîâèÿì:

à) Re ◦ ψ : Cℓ → Rm èíúåêòèâíî;

á) q ◦ Re ◦ψ = 0.

Cℓ ψ−−−−→ Cm Re−−−−→ Rm q−−−−→ Rnyexp

yexp

yexp

(C×)m
|·|−−−−→ Rm

>
exp q−−−−→ Rn

>

Òåïåðü ïîëîæèì

H = expψ(Cℓ) =
{(

e⟨ψ1,w⟩, . . . , e⟨ψm,w⟩) ∈ (C×)m
}
,

ãäå w = (w1, . . . ,wℓ) ∈ Cℓ.

Òîãäà H ∼= Cℓ � êîìïëåêñíî-àíàëèòè÷åñêàÿ (íî íå àëãåáðàè÷åñêàÿ)
ïîäãðóïïà â (C×)m. Îíà äåéñòâóåò íà U(K) ãîëîìîðôíî.
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Ïðèìåð (ãîëîìîðôíûå òîðû)

Ïóñòü K � ïóñòîé êîìïëåêñ íà 2 ýëåìåíòàõ (äâå ïðèçðà÷íûå âåðøèíû).
Èìååì n = 0, m = 2, ℓ = 1, è q : R2 → 0 � íóëåâîå îòîáðàæåíèå.

Ïóñòü ψ : C → C2 çàäàíî êàê z 7→ (z , αz), α ∈ C. Òîãäà

H =
{
(ez , eαz)} ⊂ (C×)2.

Óñëîâèå á) âûøå ïóñòîå, à óñëîâèå à) ýêâèâàëåíòíî α /∈ R. Òîãäà
expψ : H → (C×)2 � âëîæåíèå è (C×)2/H åñòü êîìïëåêñíûé òîð T 1

C ñ
ïàðàìåòðîì α ∈ C:

(C×)2/H ∼= C/(Z⊕ αZ) = T 1
C(α).

Àíàëîãè÷íî, åñëè K � ïóñòîé êîìïëåêñ íà 2ℓ ýëåìåíòàõ (ò. å. n = 0,
m = 2ℓ), òî ëþáîé êîìïëåêñíûé òîð T ℓ

C ïðåäñòàâëÿåòñÿ êàê
ôàêòîðìíîãîîáðàçèå (C×)2ℓ/H.
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Òåîðåìà (Ï.�Óñòèíîâñêèé)

Ïóñòü Σ � ïîëíûé ñèìïëèöèàëüíûé âååð â Rn ñ m îäíîìåðíûìè

êîíóñàìè, è ïóñòü K = KΣ ñîîòâåòñòâóþùèé ñèìïëèöèàëüíûé

êîìïëåêñ. Ïðåäïîëîæèì, ÷òî m − n = 2ℓ. Òîãäà

à) ãîëîìîðôíîå äåéñòâèå ãðóïïû H ∼= Cℓ íà U(K) ñâîáîäíî è

ñîáñòâåííî, òåì ñàìûì íà ôàêòîðïðîñòðàíñòâå U(K)/H çàäà¼òñÿ

ñòðóêòóðà êîìïàêòíîãî êîìïëåêñíîãî ìíîãîîáðàçèÿ ðàçìåðíîñòè

(m − ℓ);

á) èìååòñÿ Tm-ýêâèâàðèàíòíûé äèôôåîìîðôèçì U(K)/H ∼= ZK,
çàäàþùèé êîìïëåêñíóþ ñòðóêòóðó íà ZK, â êîòîðîé òîð Tm

äåéñòâóåò ãîëîìîðôíûìè ïðåîáðàçîâàíèÿìè.
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Îáðàòíî, ïóñòü ZK äîïóñêàåò Tm-èíâàðèàíòíóþ êîìïëåêñíóþ
ñòðóêòóðó. Òîãäà äåéñòâèå Tm ïðîäîëæàåòñÿ äî ãîëîìîðôíîãî
äåéñòâèÿ (C×)m íà ZK. Ïîäãðóïïà ãëîáàëüíûõ ñòàáèëèçàòîðîâ

H = {g ∈ (C×)m : g · x = x äëÿ âñåõ x ∈ ZK}.

h = Lie(H) � êîìïëåêñíîå ïîäïðîñòðàíñòâî â Lie(C×)m = Cm, ïðè÷¼ì

à) h ↪→ Cm Re−→ Rm èíúåêòèâíî;

á) q : Rm → Rm/Re(h) ïåðåâîäèò êîîðäèíàòíûé âååð ΣK â ïîëíûé
âååð q(ΣK) â Rm/Re(h).

Òåîðåìà (Èñèäà)

Ëþáîå êîìïëåêñíîå ìîìåíò-óãîë-ìíîãîîáðàçèå ZK áèãîëîìîðôíî

ôàêòîðìíîãîîáðàçèþ U(K)/H.

Èòàê, ZK äîïóñêàåò êîìïëåêñíóþ ñòðóêòóðó ⇔ K ïðîèñõîäèò èç
ïîëíîãî ñèìïëèöèàëüíîãî âååðà (ò. å. ÿâëÿåòñÿ çâ¼çä÷àòîé ñôåðîé).
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Ïðèìåð (ìíîãîîáðàçèÿ Õîïôà)

Σ � ïîëíûé âååð â Rn, êîíóñû êîòîðîãî ïîðîæäåíû ñîáñòâåííûìè
ïîäìíîæåñòâàìè âåêòîðîâ e1, . . . , en,−e1 − . . .− en.

Äîáàâèì `ïóñòîé' 1-êîíóñ, ÷òîáû m− n ñòàëî ÷¼òíûì: m = n+ 2, ℓ = 1.
Òîãäà q : Rn+2 → Rn çàäà¼òñÿ ìàòðèöåé (0 E −1), ãäå E � åäèíè÷íàÿ
n × n-ìàòðèöà, à 0, 1 � ñòîëáöû èç íóëåé è åäèíèö.

Òîãäà K = ∂∆n ñ n + 1 âåðøèíàìè è 1 ïðèçðà÷íîé âåðøèíîé,
ZK ∼= S1 × S2n+1 è U(K) = C× × (Cn+1 \ {0}).

Ïîëîæèì ψ : C → Cn+2, z 7→ (z , αz , . . . , αz), α ∈ C \ R. Òîãäà

H =
{
(ez , eαz , . . . , eαz) : z ∈ C

}
⊂ (C×)n+2,

è ZK ïðèîáðåòàåò êîìïëåêñíóþ ñòðóêòóðó êàê ôàêòîð U(K)/H:

C××
(
Cn+1\{0}

)/
{(t,w)∼ (ez t, eαzw)} ∼=

(
Cn+1\{0}

)/
{w∼ e2πiαw},

ãäå t ∈ C×, w ∈ Cn+1 \ {0}. Ýòî � ìíîãîîáðàçèå Õîïôà.
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Ãîëîìîðôíîå ñëîåíèå íà ZK

Îïðåäåëèì ïîäàëãåáðó Ëè è ñîîòâåòñòâóþùóþ ïîäãðóïïó Ëè

k = Re(h) ⊂ Rm = Lie(Tm), K = exp(k) ⊂ Tm.

Äåéñòâèå K ⊂ Tm íà ZK = U(K)/H ïî÷òè ñâîáîäíî. Ïîëó÷àåì
ãîëîìîðôíîå ñëîåíèå F íà ZK îðáèòàìè äåéñòâèÿ K ∼= KC/H.

Åñëè ïîäïðîñòðàíñòâî k ⊂ Rm ðàöèîíàëüíî, òî K ÿâëÿåòñÿ ïîäòîðîì â
Tm, è ïîëíûé ñèìïëèöèàëüíûé âååð Σ := q(ΣK) ÿâëÿåòñÿ
ðàöèîíàëüíûì. Ðàöèîíàëüíûé âååð Σ îïðåäåëÿåò òîðè÷åñêîå
ìíîãîîáðàçèå

VΣ = ZK/K = U(K)/KC.

Ãîëîìîðôíîå ñëîåíèå íà ZK îðáèòàìè äåéñòâèÿ K ïðåâðàùàòåñÿ â
ãîëîìîðôíîå ðàññëîåíèå Çåéôåðòà íàä òîðè÷åñêèì îðáèîáðàçèåì VΣ

ñî ñëîåì êîìïàêòíûé êîìïëåêñíûé òîð KC/H ∼= Tm−n.
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Ðàöèîíàëüíûé ñëó÷àé:

Cm ⊃ U(K)

KC ∼= (C×)m−n

��

H ∼= Cℓ

""
ZK

KC/H ∼= Tm−n||

ì-ó-ìíîãîáðàçèå

òîðè÷åñêîå ìíîãîîáðàçèå VΣ

Èððàöèîíàëüíûé ñëó÷àé:

Èìååì U(K)
H−→ ZK,

è ãîëîìîðôíîå ñëîåíèå F íà ZK îðáèòàìè äåéñòâèÿ K ⊂ Tm.

Ãîëîìîðôíîå ñëîåíèå (ZK,F) ìîäåëèðóåò èððàöèîíàëüíûå
(¾íåêîììóòàòèâíûå¿) òîðè÷åñêèå ìíîãîîáðàçèÿ â ñìûñëå [Katzarkov,
Lupercio, Meersseman, Verjovsky] (arXiv:1308.2774) and [Ratiu, Zung]
(arXiv:1705.11110).
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Êîãîìîëîãèè äå Ðàìà è Äîëüáî

Êîëüöî ãðàíåé (êîëüöî Ñòåíëè�Ðàéñíåðà)

C[K] := C[v1, ..., vm]/IK = C[v1, ..., vm]/(vi1 · · · vik : {i1, . . . , ik} /∈ K),

ãäå C[v1, ..., vm] � àëãåáðà ìíîãî÷ëåíîâ, deg vi = 2, à IK � èäåàë
Ñòåíëè�Ðàéñíåðà.

Ïðåäëîæåíèå

Êîëüöî Tm-ýêâèâàðèàíòíûõ êîãîìîëîãèé

H∗
Tm(ZK) = H∗

Tm(U(K)) ∼= C[K].
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Òîðè÷åñêîå ìíîãîîáðàçèå VΣ ÿâëÿåòñÿ êýëåðîâûì (ýêâèâàëåíòíî,
ïðîåêòèâíûì èëè ñèìïëåêòè÷åñêèì) ⇔ âååð Σ ÿâëÿåòñÿ íîðìàëüíûì
âååðîì íåîñîáîãî ïðîñòîãî ìíîãîãðàííèêà ñ âåðøèíàìè â ðåø¼òêå.

Òåîðåìà (Äàíèëîâ)

Êîëüöî êîãîìîëîãèé Äîëüáî ìíîãîîáðàçèÿ VΣ åñòü

H∗,∗
∂̄

(VΣ) ∼= C[v1, ..., vm]/(IK + JΣ),

ãäå vi ∈ H1,1

∂̄
(VΣ), IK � èäåàë Ñòåíëè�Ðàéñíåðà,

JΣ � èäåàë, ïîðîæä¼ííûé ëèíåéíûìè ôîðìàìè
∑m

k=1⟨ak ,u⟩vk ,
ak = q(ek) � îáðàçóþùèå 1-ìåðíûõ êîíóñîâ Σ, u ∈ (Rm/k)∗.

Íåíóëåâûå ÷èñëà Õîäæà ñóòü hp,p(VΣ) = hp,

ãäå h(Σ) = (h0, h1, . . . , hn) � h-âåêòîð âååðà Σ.
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Òåîðåìà (Áóõøòàáåð�Ï.)

Êîëüöî êîãîìîëîãèé äå Ðàìà ìîìåíò-óãîë-ìíîãîîáðàçèÿ ZK åñòü

H∗(ZK) ∼= TorC[v1,...,vm](C[K],C)
∼= H

(
Λ[u1, . . . , um]⊗ C[K], d

)
dui = vi , dvi = 0

∼= H
(
Λ[t1, . . . , tm−n]⊗ H∗(VΣ), d

)
Λ[t1, . . . , tm−n] = H∗(K )

∼=
⊕
I⊂[m]

H̃∗−|I |−1(KI ).
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Òåîðåìà (Ï.-Óñòèíîâñêèé)

Ïóñòü Σ � ðàöèîíàëüíûé âååð, ZK
K−→ VΣ � ãîëîìîðôíîå ðàññëîåíèå

íà òîðû. Òîãäà êîëüöî êîãîìîëîãèé Äîëüáî ìíîãîîáðàçèÿ ZK åñòü

H∗,∗
∂̄

(ZK) ∼= H
(
Λ[ξ1, ..., ξℓ, η1, ..., ηℓ]⊗ H∗,∗

∂̄
(VΣ), d

)
,

ãäå Λ[ξ1, ..., ξℓ, η1, ..., ηℓ] = H∗,∗
∂̄

(K ), ξj ∈ H1,0

∂̄
(K ), ηj ∈ H0,1

∂̄
(K ),

dvj = dηj = 0, dξj = c(ξj),

c : H1,0

∂̄
(K ) → H1,1

∂̄
(VΣ) � îòîáðàæåíèå ïåðâîãî êëàññà ×æåíÿ.

Ñëåäñòâèå

à) Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü Áîðåëÿ ãîëîìîðôíîãî

ðàññëîåíèÿ ZK
K−→ VΣ (ñõîäÿùàÿñÿ ê êîãîìîëîãèÿì Äîëüáî

ìíîãîîáðàçèÿ ZK) âûðîæäàåòñÿ â ÷ëåíå E3.

á) Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü Ôð¼ëèõåðà (ñ E1 = H∗,∗
∂̄

(ZK),
ñõîäÿùàÿñÿ ê H∗(ZK)) âûðîæäàåòñÿ â ÷ëåíå E2.
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Òðàíñâåðñàëüíî êýëåðîâû ôîðìû è àíàëèòè÷åñêèå
ïîäìíîæåñòâà

Êîìïëåêñíàÿ ñòðóêòóðà íà ZK çàäà¼òñÿ äâóìÿ äàííûìè:

� ïîëíûì ñèìïëèöèàëüíûì âååðîì Σ ñ îáðàçóþùèìè a1, . . . , am;

� ℓ-ìåðíîé ãîëîìîðôíîé ïîäãðóïïîé H ⊂ (C×)m.

Åñëè ýòè äàííûå îáùåãî ïîëîæåíèÿ (â ÷àñòíîñòè, âååð Σ íå ÿâëÿåòñÿ
ðàöèîíàëüíûì), òî íåò ãîëîìîðôíîãî ãëàâíîãî ðàññëîåíèÿ ZK → VΣ

íàä òîðè÷åñêèì ìíîãîîáðàçèåì VΣ.

Âìåñòî ýòîãî èìååòñÿ ℓ-ìåðíîå ñëîåíèå F , êîòîðîå ìîæåò äîïóñêàòü
òðàíñâåðñàëüíî êýëåðîâó ôîðìó ωF . Ýòó ôîðìó ìîæíî èñïîëüçîâàòü
äëÿ îïèñàíèÿ ïîäìíîãîîáðàçèé è àíàëèòè÷åñêèõ ïîäìíîæåñòâ â ZK.
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(1, 1)-ôîðìà ωF íà êîìïëåêñíîì ìíîãîîáðàçèè ZK òðàíñâåðñàëüíî
êýëåðîâà ïî îòíîøåíèþ ê ñëîåíèþ F , åñëè

à) ωF çàìêíóòà, ò. å. dωF = 0;

á) ωF íåîòðèöàòåëüíà, è å¼ íóëåâûå ïîäïðîñòðàíñòâà ñîâïàäàþò ñ
êàñàòåëüíûìè ê ñëîåíèþ F .

Ïîëíûé ñèìïëèöèàëüíûé âååð Σ â Rn ñëàáî íîðìàëåí, åñëè
ñóùåñòâóåò (íåîáÿçàòåëüíî ïðîñòîé) n-ìåðíûé ìíîãîãðàííèê P , òàêîé
÷òî Σ ñèìïëèöèàëüíûì ïîäðàçáèåíèåì åãî íîðìàëüíîãî âååðà ΣP .

Òåîðåìà (Âåðáèöêèé�Ï.�Óñòèíîâñêèé)

Ïóñòü Σ � ñëàáî íîðìàëüíûé âååð. Òîãäà íà ZK = U(K)/H ñóùåñòâóåò

òî÷íàÿ (1, 1)-ôîðìà ωF , êîòîðàÿ òðàíñâåðñàëüíî êýëåðîâà äëÿ

ñëîåíèÿ F íà ïëîòíîì îòêðûòîì ïîäìíîæåñòâå (C×)m/H ⊂ U(K)/H.

Åñëè òðàíñâåðñàëüíî êýëåðîâà ôîðìà ñóùåñòâóåò íà âñ¼ì ZK, òî
Σ ÿâëÿåòñÿ íîðìàëüíûì âååðîì ïðîñòîãî ìíîãîãðàííèêà [Èñèäà], à
ZK çàäà¼òñÿ ïåðåñå÷åíèåì ýðìèòîâûõ êâàäðèê.
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Äëÿ êàæäîãî J ⊂ [m] îïðåäåëåíî êîîðäèíàòíîå ïîäìíîãîîáðàçèå â ZK

ZKJ
= {(z1, . . . , zm) ∈ ZK : zi = 0 ïðè i /∈ J}.

Çàìûêàíèå ëþáîé (C×)m-îðáèòû â U(K) èìååò âèä U(KJ) (â
÷àñòíîñòè, ïëîòíàÿ îðáèòà ñîîòâåòñòâóåò J = [m]). Àíàëîãè÷íî,
çàìûêàíèå ëþáîé (C×)m/H-îðáèòû â ZK ∼= U(K)/H èìååò âèä ZKJ

.

Òåîðåìà (Âåðáèöêèé�Ï.�Óñòèíîâñêèé)

Ïðåäïîëîæèì, ÷òî êîìïëåêñíàÿ ñòðóêòóðà íà ZK = U(K)/C çàäà¼òñÿ

äàííûìè îáùåãî ïîëîæåíèÿ. Òîãäà ëþáîé äèâèçîð íà ZK ÿâëÿåòñÿ

îáúåäèíåíèåì êîîðäèíàòíûõ äèâèçîðîâ.

Åñëè âååð Σ ÿâëÿåòñÿ ñëàáî íîðìàëüíûì, òî ëþáîå êîìïàêòíîå

íåïðèâîäèìîå àíàëèòè÷åñêîå ïîäìíîæåñòâî Y ⊂ ZK ïîëîæèòåëüíîé

ðàçìåðíîñòè ÿâëÿåòñÿ êîîðäèíàòíûì ïîäìíîãîîáðàçèåì.

Ñëåäñòâèå

Â îáùåì ïîëîæåíèè íà ZK íåò íåïîñòîÿííûõ ìåðîìîðôíûõ ôóíêöèé

(ò. å. åãî àëãåáðàè÷åñêàÿ ðàçìåðíîñòü ðàâíà íóëþ).
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Áàçèñíûå êîãîìîëîãèè

M � ìíîãîîáðàçèå ñ äåéñòâèåì ñâÿçíîé ãðóïïû Ëè G , g = LieG .

Ω(M)bas,G = {ω ∈ Ω(M) : ιξω = Lξω = 0 äëÿ ëþáîãî ξ ∈ g},

H∗
bas,G (M) = H(Ω(M)bas,G , d) � áàçèñíûå êîãîìîëîãèè M.

S(g∗) � ñèììåòðè÷åñêàÿ àëãåáðà íà g∗ ñ îáðàçóþùèìè ñòåïåíè 2.
Ìîäåëü Êàðòàíà

Cg(Ω(M)) = ((S(g∗)⊗Ω(M))g, dg),

ãäå (S(g∗)⊗Ω(M))g îáîçíà÷àåò ïîäàëãåáðó g-èíâàðèàíòîâ.
Ýëåìåíò ω ∈ Cg(Ω(M)) åñòü ¾g-ýêâèâàðèàíèíîå ïîëèíîìèàëüíîå
îòîáðàæåíèå èç g â Ω(M)¿. Äèôôåðåíöèàë dg çàäà¼òñÿ êàê

dg(ω)(ξ) = d(ω(ξ))− ιξ(ω(ξ)).
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Òåîðåìà

H∗
bas,G (M) ∼= H

(
Cg(Ω(M)), dg

)
.

Åñëè ãðóïïà G êîìïàêòíà, òî

H∗
bas,G (M) ∼= H∗

G (M) = H∗(EG ×G M) (ýêâèâàðèàíòíûå êîãîìîëîãèè).
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Ðàññìîòðèì ZK ñ äåéñòâèåì K (ãîëîìîðôíîå ñëîåíèå F).

Òåîðåìà (Èñèäà�Êðóòîâñêèé�Ï.)

Èìååì èçîìîðôèçì àëãåáð:

H∗
bas,K (ZK) ∼= C[v1, ..., vm]/(IK + JΣ),

ãäå IK � èäåàë Ñòåíëè�Ðàéñíåðà, ïîðîæä¼ííûé ìîíîìàìè

vi1 · · · vik , ãäå {i1, . . . , ik} /∈ K,

à JΣ � èäåàë, ïîðîæä¼ííûé ëèíåéíûìè ôîðìàìè
m∑
i=1

⟨ai ,u⟩vi , ãäå u ∈ (Rm/k)∗.
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Åñëè K çàìêíóòà (òîð), ò. å. âååð Σ ðàöèîíàëåí, èìååì

H∗
bas,K (ZK) = H∗(ZK/K ) = H∗(VΣ)

è òåîðåìà ñâîäèòñÿ ê èçâåñòíîìó îïèñàíèþ êîãîìîëîãèé ïîëíûõ
íåîñîáûõ òîðè÷åñêèõ ìíîãîîáðàçèé [Äàíèëîâ�Þðêåâè÷].

Èäåÿ äîêàçàòåëüñòâà òåîðåìû.

Ïîëîæèì t = Lie(Tm) ∼= Rm è ðàññìîòðèì ìîäåëü Êàðòàíà

Ct(Ω(ZK)) =
(
(S(t∗)⊗Ω(ZK))

Tm
, dt

)
.

Òîãäà
H(Ct(Ω(ZK))) = H∗

Tm(ZK) = C[v1, ..., vm]/IK.

Êëþ÷åâàÿ ëåììà: ä.ã. àëãåáðà Ct(Ω(ZK)) ôîðìàëüíà
(êâàçè-èçîìîðôíà ñâîèì êîãîìîëîãèÿì).
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