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This work clarifies some discrepancies between con-
ventional models, used in positron annihilation lifetime
(PAL) spectroscopy, and experimental data. The impor-
tance of taking into account Ps interactions with primary
intratrack radiolytic products is demonstrated, for exam-
ple, for PAL data in water. We examine the applicability
of a nonhomogeneous chemical kinetics approach and of
a well-known expression for the reaction rate constants

to describe intratrack processes, and show that the pre-
scribed diffusion approximation (PDA) is a reasonable
model for this. Moreover, we have derived an analytical
expression for the time-dependent reaction rate coeffi-
cient, which previously entered PDA as an external pa-
rameter. Preliminary fittings of the PAL spectra in H2O
over a wide temperature range indicate that Ps reactions
in intratrack processes are diffusion controlled.

1 Introduction The basics of positron annihilation
spectroscopy have been mainly worked out during the last
half of the 20-th century. Many approaches have been elab-
orated to interpret the experimental data. However, there
are some glaring contradictions in the description of the Ps
dynamics which are still awaiting physical interpretation:

1) Attempts to recover the experimental values of the
rate coefficients k(Ps + S) of Ps with various solutes, S,
obtained from PAL data by means of conventional analy-
sis,1 implies the use of a very small Ps bubble radius (sim-
ilar to that of Ps in vacuum), or, conversely, taking into ac-
count a realistic Ps bubble radius and the time dependence
of the (Ps+S)-rate coefficient results in quite unrealistic so-
lute radii [1,2].

2) An even simpler contradiction has to be mentioned.
Figure 1 shows the T -dependence of the lifetime (τ3) of
the long-lived component of PAL spectra in pure water.
Experimental data from different authors agree well, but

1 That is, analysing the PAL spectra in terms of 3 exponential
components and applying the Smoluchowski equation to describe
the reaction and recover the o-Ps lifetime.

considerably diverge from theoretical predictions based on
any model of the Ps bubble state [3]: with increasing T , the
surface tension coefficient decreases, so the size of the Ps
bubble should increase, which should lead to increase of τ3

with T , in drastic contradiction to the PAL data.
We suggest that these paradoxes are related with the

interaction of the Ps atom with primary intratrack prod-
ucts, mainly with strong intratrack oxidizers (OH-radicals
and H3O+ radical-cations). The initial concentration of

Figure 1 Temperature
dependence of the life-
time, τ3, of the long-lived
component in pure water:
experimental data (derived
from a 3-exponential anal-
ysis) and corresponding
theoretical predictions
(finite potential well, solid
line; infinite potential well,
dashed line).
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these species in the terminal part of the positron track (e+

blob) is not small (up to 0.05 M), so the contribution of
oxidation reactions and, probably, ortho-para conversion
must be taken into account. Actually, Ps interaction with
intratrack products is inherent to positron spectroscopy of
any molecular medium. Radiolytic products are formed in
the e+ tracks due to ionization slowing down of energetic
positrons. One possible way to investigate Ps intratrack re-
actions is to study the changes in the PAL spectra with T .

We chose liquid water to initiate this investigation, be-
cause radiolytic chemical reactions in this medium have
being studied for years and are now rather well known. In
addition, the Ps bubble growth proceeds very fast in water
(∼ 10 ps, according to estimations based on the solution
of the Navier-Stokes equation [4]) in comparison with the
lifetime resolution of the experimental setup, so that it may
be considered as an instantaneous process.

2 Effects of temperature on intratrack reac-
tions Let us briefly outline some possible effects of tem-
perature on intratrack reactions, including Ps formation.

1) It is commonly accepted that the reaction rate coeffi-
cients kij , which enter chemical kinetics equations, depend
on T mainly through the diffusion coefficients

kij(T ) = 4πDij(T )Rij , (1)

where Dij = Di + Dj is the sum of the diffusion coef-
ficients of i-th and j-th species in a solvent, and Rij ≈
Ri + Rj is the reaction radius, i.e., approximately the sum
of the geometric radii of the reacting species.

2) According to the Einstein relationship and the
Stokes law, a diffusion coefficient Di(T ) of a spherical
Brownian particle is expressed as:

Di(T ) = T/(6πη(T )Ri), (2)

where η is the viscosity of the medium and Ri is the hydro-
dynamic radius of the particle. Although the applicability
of this expression on the atomic scale might be question-
able, we have shown in preliminary studies in neat water
[3] that it remains valid within a reasonable accuracy.

3) Numerous data from the literature show that the vis-
cosity η(T ) drops down approximately exponentially with
T , whereas the surface tension coefficient σ(T ) weakly de-
creases with T in most liquids.

4) The surface tension allows one to estimate the equi-
librium size of the Ps bubble R(T ) (free volume radius)
and, with the help of a Ps bubble model, to calculate the
pick-off annihilation rate λpo(t, T ), which is of utmost im-
portance to interpret PAL spectra:

λpo(t, T ) = λp · P (R(t, T )). (3)

Here λp is the “free” positron annihilation rate and P (R) is
the penetration probability of e+ into the space containing
outer electrons.

Figure 2 Mechanism of the Ps formation: e+
th + e−blob → quasi-

free-Ps → Ps in the bubble.

5) Recently, we have found that the temperature in the
e+ blob is higher than the bulk temperature, due to the ion-
izations promoted by the slowing down energetic positron
and subsequent ion-electron recombinations: e+∗ releases
up to 1 keV in the terminal blob, an energy which finally
converts into heat; we have termed this local heating effect.
This transient temperature regime may strongly affect, for
example, the Ps bubble growth through the viscosity [5].
This effect may also influence the mobility of intratrack
species and their reaction rates coefficients.

Thus, it is seen than developing a comprehensive
model, which would take into account all T -dependent
effects, appears as a very difficult task.

3 Water radiolysis and Ps formation The scheme
of water radiolysis is well known. A list of the most im-
portant primary reactions has been given in a number of
previous publications [3,6,7]. The values of the diffusion
coefficients Di and reaction rate coefficients, kij , between
species of i- and j-types are known at the nanosecond
stage. For a picosecond range we have considered them as
adjustable parameters, and thus succeeded into fitting the
accumulation kinetics of the major radiolytic products.

Ps is formed through the reaction of the thermalized
e+
th with one of the knocked out intratrack electrons within

or close to the terminal e+ blob. Initially, Ps appears in a
medium as a weakly bound (∼ 0.1 eV) stretched e+-e−
pair (Fig. 2). Then this pair transforms into the quasi-free
Ps, qf-Ps, the ground state of a nonlocalized e+e− pair in
an unperturbed medium. Further energy gain is related with
rearrangement of the surrounding molecules and formation
of the Ps bubble state.

For a correct interpretation of PAL spectra it is neces-
sary to take into account the Ps interaction with intrablob
oxidizers and radicals (OH, H3O+, e−aq, H2O+, H). Pre-
liminary attempts have shown that contribution from oxi-
dation reactions is the most important:

Ps + OH → e+ + OH−, (4)

Ps + H3O+ → e+ + H + H2O.
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In the following, we restrict ourselves to these Ps reactions
only, assuming, in addition, that their rate coefficients are
the same. We will consider these reactions in an “indepen-
dent pair approximation”, which means that the probability
of the Ps reaction with a given oxidizer does not depend on
arrangement (positions) of other oxidizers.

4 Conventional approach to the description of
intratrack reactions A nonhomogeneous chemical ki-
netics approach (as well as the blob model [3]) starts with
the following equations on concentrations of different in-
tratrack species:

∂ci(r, t)
∂t

= DiΔci − kijcicj − λici, (5)

ci(t = 0) = c0
i

exp(−r2/a2
i )

π3/2a3
i

.

Actually, these equations are rather phenomenological:
they take into account the diffusion redistribution of the
reagents, their reactions when they meet each other at the
same point of space, and decay process, −λici. But this
approach does not answer to the question: what is kij here?
It appears here as an empirical parameter.

To get an idea on what is kij in Eq. (5), one usually
solves the Smoluchowski problem for the concentration
ci(r, t) of i-species around a given j-particle, placed at the
origin, r = 0:

∂ci(r, t)
∂t

= DΔci, ci(r > R, 0) = c0
i , (6)

ci(r → ∞, t) = c0
i , ci(R, t) = 0,

where D = Di+Dj is the sum of the diffusion coefficients
of the species, R ≈ Ri + Rj is the radius of the reaction
sphere, Ri and Rj are geometric radii of the species. The
reaction rate coefficient kij is defined as a total inward flow
rate of i-species across the reaction surface, divided by c0

i :

kij(t) =
4πR2D

c0
i

∂ci(r, t)
∂r

∣∣∣∣
r=R

, (7)

which leads to the known Smoluchowski formula [8]:2

kij(T, t) = 4πDij(T )Rij

(
1 + Rij/

√
πDijt

)
. (8)

This approach has been criticized on several aspects: 1) not
all i-particles that flow across the reaction surface, but only
that i, which comes first, contributes to the i + j-reaction;
2) how can j react with i, if there are no i on the reaction
surface: ni(R, t) = 0?

2 the applicability of this relationship in the case of Gaussian
initial distribution of reacting species in the terminal part of the
e+ track is discussed below

Moreover, in the case of intratrack reactions we have
to deal with the Gaussian distributions of intratrack prod-
ucts, but not with the stepwise (uniform) distribution.

Rij

Ps

homogenous
initial distribution

of  i-species

Rij

initial           
distribution of       
i-species in the blobPs

Obviously the fluxes through the reaction sphere and,
therefore, the reaction rate coefficients will be very dif-
ferent in these cases. Our aim below will be to calculate
kij(t) in case of Gaussian distributions of the intrablob
reagents (Ps and its oxidizers).

5 Pair survival probability Formally, the problem
is reduced to the calculation of the survival probability of
a particle A (=Ps) surrounded by many other intratrack re-
active species B (=oxidizers) in the case when the initial
distribution of B’s is Gaussian.

In the 70-80’s M.Tachiya [9] developed the theory
of the diffusion-controlled reactions and treated similar
problems in a general way. He derived an equation for
the pair survival probability (the adjoint Fokker-Planck
equation) and solved it when many B’s are uniformly dis-
tributed around one A (but did not consider the case of the
Gaussian distribution). His method is rather complicated,
so we chose to follow a simpler approach suggested by
A.Pontryagin et al. and A.Kolmogorov et al. (1933) [10]:
this is sufficient for our needs and allows one to obtain the
equation we need.

The starting point of the analysis is the conditional
probability density w(r, t|r0), which describes the prob-
ability to find a particle at r at time t, if at t = 0 it was at
r0. This function obeys the integral Smoluchowski equa-
tion. If the particle moves in a diffusion way3 this equation
can be rewritten in a differential form, which is called the
Fokker-Planck equation or the differential Smoluchowski
equation. In case of a homogeneous medium (v and D are
constants) it comes as follows:

∂w(r, t|r0)
∂t

= −v · ∇rw + DΔrw, (9)

∫
w(r, t|r0)dx = 1, w(r, t = 0|r0) = δ(r − r0).

It reduces to the usual diffusion equation in the absence
of interaction between particles and in the absence of an
external field (v = 0).

However, the solution of this equation, i.e. w(r, t|r0),
contains a wealth of experimentally unobservable informa-

3 Mathematically it implies that there exist two following lim-
its (τ → 0), expressing “continuity” of the diffusion motion: 1)
〈r−r1〉

τ
=

�
r−r1

τ
w(r, τ |r1)dr ≡ v(r1) – the drift velocity; 2)

〈(r−r1)2〉
2τ

= 1
2τ

�
(r−r1)

2w(r, τ |r1)dr ≡ D(r1) – the diffusion
coefficient (here we consider the spherically symmetric case); all
higher moments are zero.
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tion. From a physical viewpoint the most important quan-
tity is the survival probability,

∫
w(r, t|r0)dr.4 Let us con-

sider the pair survival probability W (t|r0), the probability
that an A–B-pair, having the initial separation r0, will sur-
vive against reaction A + B → Products by the time t:

W (t|r0) =
∫

w̃(r, t|r0)dr. (10)

We assume that A (=Ps) is fixed at the origin of coordi-
nates and B (= oxidizer) moves around with diffusion co-
efficient D = DA + DB . The conditional probability den-
sity w̃(r, t|r0) differs from the w(r, t|r0), which enters the
Fokker-Planck equation because of the difference in the
boundary conditions (presence of the reaction surface at
R ≈ RA + RB significantly affects the solution).

The integral equation, which governs the pair survival
probability, is as follows:

W (t + τ |r0) =
∫ ∞

>R

W (t|r)w̃(r, τ |r0)dr. (11)

where the boundary conditions are (fully absorbing sphere)

W (t|r0 = R) = 0, W (t|r0 → ∞) = 1, (12)

and the initial condition is W (0|r0 > R) = 1. Eq. (11)
can be derived as follows. In its R.H.S. W (t+τ |r0) is rep-
resented as a product of probabilities of two independent
events: w̃(r, τ |r0)dr, the probability of propagation of

the particle B from r0 to r during τ with-

r0
r

0 t+

r+dr

R

out touching the reaction sphere, and
W (t|r), the probability to avoid reaction
during t, if the particle B starts from r.
Let τ be very small (τ → 0), so r is close
to r0. In this case w̃(r, τ |r0) is strongly

localized at r ≈ r0. So we may expand the integration
range over r to infinity and adopt that w̃(r, τ |r0) is the
same function as in the Fokker-Planck equation (9):

W (t + τ |r0) =
∫

W (t|r)w(r, τ |r0)dr. (13)

Now let expand W (t|r) ≈ W (t|r0) + ∇r0W (t|r0) · (r −
r0) + ... in a series over r − r0, move the first term to
the L.H.S., divide all by τ , integrate over r and obtain that
W (t|0) satisfies the adjoint Fokker-Planck equation:

∂W (t|r0)
∂t

= v · ∇r0W (t|r0) + DΔr0W (t|r0). (14)

As before, we assume that v = 0 and D =const, so the
solution of Eq. (14) is well-known

W (t|r0) = 1 − R

r0

[
1 − erf

(
r0 − R√

4Dt

)]
. (15)

Actually, it is the survival probability of Ps to escape oxida-
tion by a given oxidizer, if their initial intrapair separation
(at t = 0) was r0.

4 �
w(r, t → ∞|r0)dr is the escape probability.

6 Reaction rate in terms of the pair survival
probability Let us average the pair survival probability
over r0. For a uniform distribution we have

〈W (t|r0)〉r0 ≡ nA(t), 〈. . . 〉r0 =
∫ V →∞

>R

d3r0

V
. (16)

By definition, the reaction rate is the probability for the A-
B pair to react per unit time. It is given by the time deriva-
tive:

K(t) ≡ −d〈W (t|r0)〉r0

dt
= −

〈
dW (t|r0)

dt

〉
r0

, (17)

−dW (t|r0)
dt

=
R(r0 − R)

r0
· exp[−(r0 − R)2/4Dt]√

4πDt3/2
.

(18)

Now, let us consider the case of many B particles
(nB � 1) being uniformly distributed within V . Because
we consider all A-B pairs independently, the survival prob-
ability for A, nA(t), is just a product of the pair survival
probabilities for each pair:

nA(t) = [〈W (t|r0)〉r0 ]
nB = [1 − (1 − 〈W 〉r0)]

nB →
→ exp [−nB · (1 − 〈W (t|r0)〉r0)] ,

because 1 − 〈W (t|r0)〉r0 is small when V → ∞. Then

ṅA(t) = 〈Ẇ (t|r0)〉r0 · nBnA(t). (19)

Taking the average of Eq. (18) for the uniform distribution
of B’s and substituting 〈Ẇ (t|r0)〉r0 here

〈Ẇ (t|r0)〉r0 = −4πDR

V

(
1 +

R√
πDt

)
,

we arrive to the well known Smoluchowski result (cB =
nB/V ):

ṅA(t) = −4πDRcBnA · (1 + R/
√

πDt), (20)

In case of an initial Gaussian distribution of species B
with respect to A, which should hold for Ps reactions with
intratrack species, the average comes:

〈. . . 〉r0 =
∫ ∞

>R

e−r2
0/a2

d3r0 . . .

/ ∫ ∞

>R

e−r2
0/a2

d3r0,

(21)

where a2 = a2
blob + a2

Ps ≈ 2a2
blob. Assuming that the reac-

tion radius R is much less than the width a of the Gaussian
distribution, one obtains

〈Ẇ (t|r0)〉r0 = − 4πDR

V0(1 + 4Dt/a2)3/2

(
1 +

R√
πDt

)
,

(22)
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where V0 = π3/2a3. To calculate the total reaction rate of
Ps with nB intrablob oxidizers (generally nB(t) may vary
with time due to other intrablob reactions) we should sub-
stitute Eq. (22) into Eq. (19). Therefore, the decay kinetics
(Ps survival probability) obeys the following equation:

ṅPs(t)
R�a= − 4πDRnB(t)nPs(t)

V0(1 + 4Dt/a2)3/2

(
1 +

R√
πDt

)
.

(23)

We see that this equation differs from what was obtained
for the homogeneous case. However, some similarity may
be established with the prescribed diffusion approximation
(PDA), which “prescribes” to look for an approximate so-
lution of Eq. (5) in a Gaussian form:

ci(r, t) = ni(t)Gi(r, t), Gi(r, t) =
e−r2/(a2

i +4Dit)

π(a2
i + 4Dit)3/2

.

(24)

As a result, Eqs.(5) convert into a simpler set of ordinary
differential equations on ni(t).

ṅi(t) = − kijninj

V0(1 + 4Dt/a2)3/2
− λini, (25)

where D = Di + Dj , a2 = a2
i + a2

j . So PDA reproduces
correctly only the main structure of the equations, but does
not allow one to calculate the reaction rate coefficient.

The approach described above proves that PDA pro-
vides a good description of intratrack processes; moreover,
it suggests a theoretical expression for kij , namely, kij in
Eq. (25) should be replaced by the Smoluchowski relation-
ship (8).

Further calculation of the theoretical prediction for the
PAL spectrum shape and fitting PAL experimental data can
be made straightforwardly, if npPs(t), noPs(t) and npPs(t)
are known (solving equations like Eq. (23), see [3]).

7 Estimation of the parameters involved Be-
fore taking a look on the results of fitting of the experi-
mental data in water, let us estimate the expected value of
the Ps oxidation reaction rate coefficient with intrablob OH
radicals. In water at room T (20 ◦C) we have η = 0.01 P,
RPs ≈ 0.3 nm, ROH ≈ 0.14 nm, so, by using the Einstein
relation and the Stokes law, one obtains

DOH ≈ Troom

6πηROH
≈ 1.5·10−5 cm2

s
, exp. val.=2.8 · 10−5.

DPs ≈ Troom

4πηRPs
≈ 10−5 cm2

s
,

Here, we used the Rybchinski formula for the Ps bubble
diffusion coefficient 5. If the initial number of ion-electron

5 On the surface of the Ps bubble there is no sticking boundary
condition, as there is for a solid sphere in the Stokes law.

pairs in the blob is about 30 and a is about 4 nm, we obtain

cox(0) =
nB(0)

V0
≈ 30 [OH & H3O+]

(2π)3/2(4 nm)3
= 0.05 M,

therefore at 20 ◦C

koxcox(0) ≈ 4π(DPs + DOH)(RPs + ROH)cox(0) ≈ 0.4ns−1.
(26)

In Fig.3 we presented the T -dependence of kox(T )cox(0)
in H2O, when the t-dependence of kox is neglected.
The solid line fits the data by the Stokes-Einstein law,
∝ T/η(T ). It is seen that the numerical estimation (26)
agrees well with the experimental value.

Figure 3 Temperature depen-
dence of the product kox(T )cox(0)
in pure water (the time dependence
of kox is neglected).

8 Conclusions
1) When interpreting PAL spectra it is important to take

into account the chemical reactions of Ps with intratrack
products (essentially, the oxidation reactions (4) in water).
Otherwise, one may meet paradoxes.

2) We have derived a master equation for the pair sur-
vival probability of Ps against intratrack chemical reactions
(oxidation) and solved it in the independent pair approxi-
mation. We have found that the prescribed diffusion ap-
proximation is a reasonable model to describe intratrack
processes. Moreover, we have obtained a time-dependent
expression for the reaction rate coefficient, which previ-
ously entered PDA as an external parameter;

3) Fitting the PALS spectra in H2O in a wide T -range
taking into account the time dependence of the reaction
rate coefficient is in progress; preliminary results indicate a
good agreement with data known from radiation chemistry;

4) The T -dependence of kox(T ) agrees well with the
Stokes-Einstein law, which implies that intratrack reactions
of Ps are diffusion controlled.

This work is supported by the Russian Foundation of
Basic Researches (Grant 08-03-01105) and RosAtom.
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