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LINEAR ISOMETRIES OF BANACH-KANTOROVICH L,-SPACES.
Chilin V. I., Zakirova G. B.

Abstract. Let B be a complete Boolean algebra, @Q(B) be the Stone compact
of B, and Cx(Q(B)) be the commutative unital algebra of all continuous functions
z : Q(B) — [—00,+00], assuming possibly the values +00 on nowhere-dense subsets of Q(B).
We consider the Banach-Kantorovich spaces L,(B,m) C Coo(Q(B)), associated with a measure
m defined on B with the values in the algebra of measurable real functions. It is shown
that in the case when the measure m has the Maharam property, for any linear isometry
U:Ly,(B,m)— Ly(B,m), 1 <p<oo, p#2, there exist an injective normal homomorphisms
T:Cx(Q(B)) & Cx(Q(B)) and an element y € L,(B,m) such that U(z) =y-T(z) for all
x € Ly(B,m).

Keywords: Banach-Kantorovich space, Maharam measure, vector integration, linear isometry.

INTRODUCTION

One of the important results in the theory of isometries of Banach function spaces
is the theorem of J. Lamperti [5] , which describes the linear isometries of the spaces
L,(2,%, 1), 1 <p<oo,p#2, for any measurable spaces (2,3, u) with o-finite measure
. In the proof of this theorem, the property of preserving disjointness for such isometries
was essentially used (see [2, Chapter 3|).

The development of the theory of integration for vector measures with values in vector
lattices made it possible to construct L,-spaces L,(B,m), 1 <p < oo, [3], [4], associated
with the complete Boolean algebra B and a measure m defined on B with the values in
the algebra L°(Q, ¥, i) of real measurable functions on the measure space (€, %, u).

It is natural to expect that a similar description of linear isometries is valid for the
linear isometries of the spaces L,(B,m). In this paper, we establish the explicit form of
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the linear isometries acting in the space L,(B,m), 1 < p < 0o, p # 2, in the case when
the measure m possesses the Maharam property.
We use the terminology and notation of the theory of Boolean algebras from [6], the

theory of vector lattices from [7] and the theory of vector integration from [3].

1. PRELIMINARIES

Let X be a real vector space, F' be a complete vector lattice and let
F. ={feF: f>0} Amapping || -| : X — F,; is called an F-valued norm if
for any =,y € X, and real number A € R, the following holds: ||z|| = 0 & = = 0;
[Az]] = ALzl 2+ yll < )l + [yl

An F-valued norm || - || is said to be decomposable if for any fi, fo € F, and z € X
with ||z|| = f1+ fa, there exist x1, 29 € X such that x = 21+ 22 and ||z = f;, i =1,2.

A pair (X, | - ||) with F-valued norm is called a lattice normed space. If, in addition,
the norm || -|| is decomposable, then (X, | -||) is called decomposable.

We say that a net {x,}aca from a lattice normed space (X, || -||) (bo)-converges to
an element x € X if the net (||z — x4||)aca (0)-converges to zero in the lattice F, that is,
there exists a net {fo}aca C Fy such that f, | 0, and ||z —z,| < f, forall a € A. A
net (za)aca C X is called (bo)-fundamental if the net (o — 25)(a,gcaxa (bo)-converges
to zero.

A lattice normed space is called (bo)-complete if every (bo)-fundamental net in it (bo)-
converges to an element of this space. A decomposable (bo)-complete lattice normed space
is called a Banach-Kantorovich space.

The F-valued norm || - || on a vector lattice X is said to be monotonic if condition
lz| < |y|, x, y € X, implies that ||z|| < |ly||. If a Banach-Kantorovich space (X, || - ||x) is
a vector lattice and the norm ||-||x is monotonic, then it is called a Banach-Kantorovich
lattice.

Let B be a complete Boolean algebra with zero 0 and unit 1. The supremum and
infimum of a set {e,q} C B are denoted by eV ¢ and e A g, and by Ce is denoted the
complement to an element e. A non-empty set FE of nonzero elements from B is said
to be disjoint if e A\q =0 for any e,q € E, e #q.

A Boolean subalgebra A in B is called regular if sup £ € A and inf F € A for any
subset E2 C A. Every regular Boolean subalgebra in B is a complete Boolean algebra.

Let Q(B) be the Stone compact of B, and let L°(B) := C(Q(B)) be the commutative
unital algebra over the field R of all continuous functions x:Q(B) — [—o00, +0o0],
assuming possibly the values oo on nowhere-dense subsets of Q(B) (see, for example,

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1
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[3, Chapter 1, Section 1.4.2], [7, Chapter V]). With respect to the partial order
f<gegt)y—f(t) >0 foral teQ(B)\ (f ' (+o0)Ug ' (£o0)),

the algebra LY(B) is a complete order vector lattice, and the set V of all idempotents
in LY(B) is a complete Boolean algebra with respect to the partial order induced from
L°(B). In addition, V is isomorphic to the Boolean algebra B (see, for example, |7,
Chapter V|). It is known that the set C(Q(B)) of all continuous real functions on Q(B)
is a subalgebra in L°(B) and C(Q(B)) is a Banach space with respect to the uniform

norm ||z]je = sup |z(t)].
teQ(B)
We denote by s(z) := sup{|z| > n~'} the support of an element z € L°(B), where
n>1

{]x| > A} is the characteristic function xp, of the set £ which is the closure of the set
{t e Q(B) : |z(t)] > A}, A eR.
For any nonzero z € L°(B) define i(z) to be the inverse element to x on its support,

e £,
Z(‘T)(t)_{ (()), if 2(t) = 0.

It is clear that i(z) € L°(B) and i(z) -z = s(z).
Let (9, %, 1) be a measurable space with o-finite measure p, and let L°(Q) be the

i.e.

algebra of all classes of almost everywhere equal real-valued measurable functions on
(Q,%, ). With respect to the partial order f < g < g— f > 0 almost everywhere,
the algebra L°(2) is a complete order vector lattice, and the set B(f2) of all idempotents
from L°(Q) is a complete Boolean algebra with respect to the partial order induced from
L(92).

Since  is a o-finite measure, it follows that B(£2) is a Boolean algebra of countable
type, that is, any subset £ C B(Q2) of nonzero pairwise disjoint elements is at most
countable. Thus for any increasing net x, T x € L°(Q), {x4}aca C L%(Q) there exists a
sequence a; < g < -+ < @, < ... such that z,, T z (see, for example, |7, Chapter VI,
§21).

A mapping m : B — L°(Q) is called a L°(Q)-valued measure if it satisfies the following
conditions:

1) m(e) >0 for all e € B;
2) m(eV g) =m(e) + m(g), for any e, g € B, e A g = 0;
3) m(eq) 4 0 for any net e, } 0, {e,} C B.
A measure m is said to be strictly positive if m(e) =0 implies e = 0. In this case,

B is a Boolean algebra of countable type.

«Taspuuecruli secmnur unPopmamuru u mamemamurus, M 1 (56)’ 2023
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A strictly positive L°(Q)-valued measure m is said to be decomposable if for any
e € B and a decomposition m(e) = f1 + fa,  f1, fa € L%(Q),, there exist e1, ey € B,
such that e =e; Ves, and m(e;) = f;, ©=1,2. A measure m is decomposable if and
only if it is a Maharam measure, that is, for any e € B, 0 < f < m(e), f € L%(Q), there
exists ¢ € B, ¢ < e, such that m(q) = f (see [8]).

We use the following important property of the Maharam measure.

Proposition 1. [8, Proposition 3.2]. For each L°(Q)-valued Maharam measure
m : B — L°() there exists a unique injective completely additive homomorphism
v : B(Q2) = B such that ¢(B(£2)) is a regular Boolean subalgebra of B, and

m(p(q)e) = gm(e) for all g € B(Q), e € B.

Let m : B — L°(Q) be a Maharam measure. We identify B with the Boolean algebra
of idempotents in L°(B), i.e. we assume that B C L°(B). By Proposition 1, there exists a
regular Boolean subalgebra V(m) in B and an isomorphism ¢ from B(f2) onto V(m)
such that m(p(q)e) = gm(e) for all ¢ € B(Q), e € B. In this case, the algebra L°(Q) is
identified with the algebra L°(V(m)) = C.o(Q(V(m))) (the corresponding isomorphism
will also be denoted by ¢). Thus, the algebra Cu(Q(V(m))) can be considered as a
subalgebra and as a regular vector sublattice in L%(B) = C(Q(B)) (this means that the
exact upper and lower bounds for bounded subsets of L°(V(m)) are the same in L°(B)
and in LY(V(m))). In particular, L°(B) is an L°(V(m)) -module.

Denote by S(B) the vector sublattice in L°(B) of all step elements z = zn: a;e;,

i=1

where a; €R, ¢; € B, ¢;-¢; =0, 1,5 =1,...,n. The equality

L, (z) = /:cdm = Zaim(ei) (x € S(B))

uniquely defines a linear operator I,,, : S(B) — L°(Q).
A positive element © € L°(B), is called m-integrable if there exists a sequence

{z,}22, € S(B), 0 <z, T x, such that there is a supremum sup I,,,(z,) in the lattice
n>1

L°(Q). In this case, the integral of the element x with respect to the measure m is

defined by
I(x) = /mdm :=sup L, (z,).

n>1
It is known that the definition of the integral I,,(x) does not depend on the choice of

a sequence {x,}2, C S(B), 0 < x, T z, for which there exists sup I,,(x,) (see, for
n>1

example, [3, 6.1.3]).

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1
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An element x € LY(B) is called m-integrable if its positive x, and negative x_
parts are m-integrable. The set of all m-integrable elements is denoted by L*(B,m), and

for every x € L'(B, m) we have

/xdm = /x+dm—/x_dm.

If ||z|lim = [ |xldm,x € L'(B,m), then the pair (L'(B,m), ||.|l1,m) is a lattice normed
space over L°(Q2) [3, 6.1.3]. Moreover, in the case when m : B — L°(Q) is a Maharam
measure, the pair (L'(B,m), ||z||1.m) is a Banach-Kantorovich space. In addition,

LYV (m)) - LY(B,m) c L'(B,m), /(gp(a)x)dm = a/xdm, |/mdm‘ < /|x|dm,
for all z € L*(B,m), « € L°(Q) |3, Theorem 6.1.10].
Let p € [1,00), and let

LP(B,m) = {x € LY(B) : |2’ € L'(B,m)},

el = | / aPdm]?, @€ (B, m).

It is known that for a Maharam measure m the pair (LP(B,m), ||z||,n) is a Banach-

Kantorovich space [4, 4.2.2|. In addition,
o(a)r € LP(B,m) for all x € LP(B,m), a € L°(Q), 1 < p < oo,

and [[p(@)zlpm = |al[|2]lpm-

We use the following important property of order continuity of the norm || - ||, .
Proposition 2. If {z,} C L?(B,m) and x, ] 0, then ||,/ pm 0.

Proof. Since zP | 0, it follows that I,,(z) | O (see the Dominated Convergence Theorem
6.1.5 [3]). Thus ||z, ||lpm 4 O. O

Using Proposition 2 for any sequence
{z,} C L*(B,m), z, Tz € LP(B,m),

we get the convergence ||z — 2y ||pm 4 0.

Recall that writing y, ﬂ> y for elements y,, y, n = 1,2,..., from a vector lattice
F means that the sequence {y,} (0)-converges to the element y, i.e. there exist sequences
Gy, b, € I such that a, Ty, b, ly and a, <y, <b, forall n=1,2,... It is known

that if y, L, y then Ay, L, Ay for any A € R and |y, — v HOAN (see, for example, |7,
Chapter III, §7]).

Proposition 3. If z,z, € L(B), n=1,2,..., and z, | 0, then |z|-z, | 0.

«Taspuuecruli secmnur unPopmamuru u mamemamuru», M1 (56)’ 2023



12 V. I. Chilin G. B. Zakirova

Proof. Tt is clear that |z| -z, | y € L°(B), y > 0. If y # 0 then there exists ¢ > 0
such that e = {y > e} # 0. Since

ez -z, >e-y>ece,

it follows that e - |z| # 0. Thus there exists § > 0 such that p={e-|z| >} #0 and
p < e. Therefore, i(p|z|) # 0 and

s(i(p|x|)) - zn = i(plz]) - plx| - 2 > i(plz]) - ep #0 forall n=1,2,...,
which is impossible, because
0 < s(i(plz])) - zn < 2, | 0.

Thus y = 0, that is, |z| -z, | O. O

To describe the isometries of Banach-Kantorovich L,-spaces, we need the notion of

convergence in measure generated by a Maharam measure m.

Definition 1. We say that the sequence {z,,}>°, C L°(B) converges in measure m to an
element z € L°(B) (notation m, — z) if

m({|zn — 2| > e}) % 0 forall &> 0.

We need the following properties of measure convergence.

Proposition 4. (i). If 2,2,y € L°(B), n=1,2..., and =z, — z, 7, — y, then
T =71.

(i1). If xp, v € LY(B), n=1,2..., and =z, L, z, then x, — .

(i19). If z,x € LP(B,m), n=1,2..., 1 <p < oo, and |z, — &|pm 1N 0, then
T, — .

Proof. (i). Let us first show that for any a,b € LY(B), € > 0, the inequality
£ €
o+ > e} < {la] > 5}V (bl > ) 0

is valid.
Let e = {|a| > 5§}, ¢ ={|b| > 5}. Since Ce = {|a|] < 5}, Cq = {[b] < 5}, it follows
that

(CenCq)-la+b < (CenCq)-la]+ (CenCq)-|b| <2-=-(CenCq)=c-(CenCq).

DO ™

Thus {|a 4+ b] < e} > Ce A Cq, and therefore
{la+b>e}p =C{{la+b] <e}) <C(CenCq)=eVq.
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Let now z,,z,y € L°(B), n=1,2..., and 2, — z, =, —= . Let
1
e, ={lr—yl>-}, k=1,2,..., and e =supe;.
k k>1

If pogp={lzn — 2| > 5}, qup = {|zn —y| > 5} then using the equality
r—y=(zr,—y)+(r—x,) and the inequality (1), we obtain that e, < p, V¢, x. Thus

0 < m(ex) < m(pni) +m(gnr) L0 as n— oo

Consequently, m(e;) = 0, thatis, e, = 0 for any k = 1,2, .... Therefore, e = supe; = 0,
k>1
which implies that * = y.
(47). Since z, 1N x, it follows that |z, —z| {9 0. Thus there exists 0 <z, € L°B)
such that
|z, — x| < 2,1 0.

Let € >0 and e, = {|z,, — 2| > €}. Using inequalities
0 <ce, <eplrn — 2] <enzn <2, 10,

we obtain that e, ﬂ) 0. Thus

¢n =supeg L 0 and m(e,) < m(g,) | 0.
k>n

Consequently, m({|z, — x| > €}) = m(e,) %0 for any ¢ > 0, that is, z, — .
(¢4i). Since
/ [ — aPdm = ||z, — 27, <2 0,
it follows that there exists {a,}2>, C L%(€)) such that a, ] 0 and
/|xn —z|Pdm < a, forall n=12...

Let e >0 and e, = {|z, — x| > €}. Using the inequalities

ePm(e,) = sp/endm < /en\xn —z|Pdm < /|xn — z[Pdm < ay,

we obtain that .
0 <m(e,) < g—pan 10,

that is, m(e,) ﬁ> 0. Thus z, — x. O
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2. DESCRIPTION OF ISOMETRIES OF BANACH-KANTOROVICH L,-SPACES

Let B be a complete Boolean algebra and let m : B — L°) be a Maharam
measure for which m(1p) = 1p). The algebra L°(Q) is identified with the algebra
LY%(V(m)) = Coo(Q(V(m))), which is a subalgebra and a regular vector sublattice in
LY(B) = C(Q(B)).

Repeating the proof of Theorem 2.1 and Corollary 2.1 from [5| we have the following

version of these statements for the Magaram measure m.

Theorem 1. Let z,y € LP(B,m), 1 < p < oo, p # 2. Then the equality

12+ yllpm + lz = yllp o = 2001150 + [1Yl5m)
1s valid if and only if x -y = 0.
Let U : LP(B,m) — LP(B,m), 1 < p < oo, p# 2, be a linear isometry, that is, U
is a linear map and ||U(2)||pm = |||lpm for all x € LP(B,m). If z,y € LP(B,m) and
x -y = 0, then by Theorem 1 we have

1U(@) + U@)l[pm + 1U) = U@IGn = 1U@+ 95 + 11U =), =

=z +ylpm + llz =yl m = 202l n + lyll5m) = 200U @) 150 + 1T G)I50)-
Again using Theorem 1, we get U(x) - U(y) = 0. Thus, we have the following

Proposition 5. If U : LP(B,m) — LP(B,m), 1 <p < o0, p # 2, is a linear isometry
and z,y € LP(B,m), x-y =0, then U(z)-U(y)=0.

A linear operator T : L°(B) — L%B) is called a homomorphism if
T(x-y) = T(x) - T(y) for all =z,y € L°B). If 0 < z € L°B), then
T(z) = T(y/x) - T(y/z) > 0, that is, the homomorphism 7" : L°(B) — L°(B) is a positive
operator.

A positive linear operator T : L°(B) — L°(B) is called normal (resp., completely
additive), if T(supx,) = supT(z,) for any increasing net

0<uaz,txeLlB), {z.} C L°(B)

(resp., T(> e;) =sup > T(e;), for every family of idempotents
iel a€Aica

{ei}iEI C B7 €ie; = Oa { %]7 27] € Ia
where A = {a} is the net of all finite subsets of I, ordered by inclusion).
It is clear that the normality property for a positive linear operator implies that

this operator is a completely additive one. In the case when T : L°(B) — L°(B) is a

homomorphism, the converse implication is also valid.
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Theorem 2. (/1, Theorem 4]). The homomorphism T : L°(B) — L°(B) is a normal
operator if and only if T is completely additive operator.

Since m(1p) = 1p() and p is a o-finite measure, it follows that there exists a sequence

{en} € B(Q) such that

ple,) < oo, eper, =0, n#k, nk=12,..., supe, =1,
n>1

and {e, -m(q) : ¢ € B} C L}(Q, %, u). Consequently, the function

v(q) = i enm(q)dp
>/

is a o-finite numerical measure on the Boolean algebra B, in particular, B is a Boolean
algebra of countable type. In this case, in the definition of normality (resp., completely
additivity) of a positive linear operator T': L°(B) — L°(B), instead of an increasing net
{zo} C L°(B) (resp., family of idempotents {e;};c; C B,eie; = 0, @ # j, i,j € I),
one should take a sequences {z,} C L°(B) (resp., countable family of idempotents
{e;};>1 C Byeie; =0, i#j, i,j=12....)

The following Theorem is a vector-valued version of Lamperti’s theorem (Theorem
3.1 [5]) for the Banach-Kantorovich space (LP(B,m), || - ||pm)-

Theorem 3. Let U: LP(B,m)— LP(B,m), 1 <p<oo, p#2, bea linear isometry.
Then there exist a normal homomorphism T : L°(B) — L°(B) and y € LP(B,m) such
that U(x) =y -T(x) for all x € LP(B,m).

Proof. Define the mapping ¢ : B — B, by setting ¢(e) = s(U(e)), e € B, where s(U(e))
is the support of the element U(e) € LP(B,m). It is clear that ¢(e) = 0 if and only if
e=0.If e,g€ B and e-g =0, then U(e)-U(g) = 0 (see Proposition 5). Consequently,

p(e) - p(g) =0 and
pleVg)=sU(e+g))=sU(e) +U(g) = s(U(e)) +s(U(g)) =
= w(e) +o(g) = ple) V v(g).

Using mathematical induction, we obtain that

@( sup e;) = sup ¢(e;)

1<i<n 1<i<n

for any finite set of pairwise disjoint idempotents {e;} , C B.
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16 V. I. Chilin G. B. Zakirova

Let {e;}°, C B be a countable set of pairwise disjoint idempotents and let

gn = sup ¢;, n=1,2,... Then g, T supg, =supe; := e, and by Proposition 2 we get
1<i<n n>1 i>1

1> U(es) = U@llpm = 1U(gn) = U@ lpm = U (gn = lpm = lgn = €llpm 4 0,
i=1

o0
that is, Y  U(e;) = U(e) (the series converges with respect to the || - ||, m-norm). Since
i=1

Ule;)-Ule) =0, i # 7, i,j =1,2..., it follows that

sup ¢(e;)) = sup s(U(e;)) = s(U(e)) = p(e).

i>1 i>1
Moreover,
o(1) =p(e+ Ce) = s(U(e+ Ce)) = s(U(e) + U(Ce)) =
= s(U(e)) +s(U(Ce)) = p(e) + (Ce),
that is, p(Ce) = p(1) — ¢(e).

Thus, the mapping ¢ : B — B satisfies all the properties of a regular isomorphism
from Definition 3.2.3 |2, Chapter I1I, §3.2], so ¢ is an injective completely additive Boolean
homomorphism |2, Chapter III, §3.2, Remarks 3.2.4].

Using now Theorems 3 and 4 from [1|, we get that there exists a unique injective
normal homomorphism 7 : L°(B) — L°(B) such that T(e) = p(e) for all e € B. In
addition, the restriction A = T|c) is | - [|ls-continuous injective homomorphism
from C(Q(B)) into C(Q(B)).

For any e € B we have that

Ule) =U(1 = (1 —=¢))s(U(e)) = UL)p(e) = U1 — e)p(1 — e)p(e) =

=UM)g(e) = U1 = e)p((1 = e)e) = U(1)p(e),
that is, U(e) = U(1)p(e). If

T = Z%‘@i €S(B)CC(Q(B)), e,€ B, ee; =0, 1#j, i,7=1,...,n,
i=1
is a step element, then
Uz) = a;U(e;) =U1) Y a;T(e;) = U(L) - T(x).
i=1 i=1

Let z € C(Q(B)), and let {z,}°2, C S(B) be a sequence of step elements such
that ||z, — 2||c — 0. Then

1T (2n) = T()lloo = [[A(zn) = A(2) ][00 = 0.
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Therefore
[U(zn) = U)T(@)|lpm = [[UQ) - T(2n) = UQ)T (@)l = [[U(1) - Tz — @) [[pm <
< NUW)lpgm - 1T (xn — 2)[loc — 0.

Since

1U(zn) = U@)|lpan = U (20 = 2)llpm = ll2n = 2llpm < 20 — 2llool[1]lpm — 0,

it follows that U(z) = U(1)T(x).

Let us show that Uz = U(1) - T(x) holds for all z € LP(B,m). It suffices to
check this equality for all 0 < x € LP(B,m). Let 0 < z € LP(B,m), and let
0 < x, = o X{o<a<n1} € C(Q(B)). Since x, T z and the norm | - |[,» is order

continuous norm (Proposition 2), it follows that
IUQ) - T(xn) = U@)lpom = U (zn) = U@)lpm = 1U(xn = 2)llpm = 20 = 2llpm I 0.

Thus, U(1)-T(x,) — U(x) > 0 (Proposition 4 (iii)), that is, U(1) - T'(z,) — U(x).
Using the normality of the homomorphism 7' we obtain that T'(x,) 1 T(x).
Consequently (Proposition 3),

U(1) - T(x,) - U(L) - T(a)| = [U(D)] - [T () — T(2)] 40,
(0)

that is, U(1) - T(zy) — U(1) - T(z). Using Proposition 4 (i), we obtain that
UQ)-T(z,) = U(1)-T(x). Thus, U(z) =U(1)-T(x) (Proposition 4 (i)). Therefore,
Ur=U(1) -T(x) for all x € LP(B,m). O
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1. PRINCIPIA UNIVERSALIA

Consider the noncooperative N-player normal-form game under uncertainty

(N, {Xi}iew, Y, {fi2, ) Yien), (1)

where N = {1,2/...,N > 2} denotes the set of players; each player i € N chooses
and uses a pure strategy z; € X; C R™ (i € N ), which yields a strategy profile
r=(r,...,2ny) € X =[[;cyXi CR" (n = ieN ni); regardless of the players actions,
an uncertainty y € Y C R™ is realized in game (1); the payoff function f;(z,y) of player
i is defined on the pairs (z,y) € X x Y, and its value is called the payoff of player 1.

At a conceptual level, the goal of each player in the standard setup considered before
was to choose his strategy so as to achieve as great payoff as possible.

The middle of the twentieth century was a remarkable period for the theory of
noncooperative games. In 1949, 21 years old Princeton University postgraduate J. Nash
suggested and proved the existence of a solution [1| that subsequently became known as

the Nash equilibrium: a strategy profile ¢ € X is called Nash equilibrium in a game
<N7 {Xi}ieN ) {fz[x]}zeN> if
max f; [¢°|z,] = fi[+°] (i €N),

where [2°||2;] = [25,. .., 25, @, 28, ..., 2% ].

This concept (and the approach driven by it) has become invaluable for resolving
global (and other) problems in economics, social and military sciences. After 45 years,
in 1994, J. Nash together with R. Selten and J. Harsanyi were awarded the Nobel
Prize in Economic Sciences "for their pioneering analysis of equilibria in the theory of
non-cooperative games."In 1951, American mathematician, economist and statistician L.
Savage, who worked as a statistics assistant for J. von Neumann during World War 11,
proposed [2] the principle of minimax regret (the Savage-Niehans risk). In particular, for
a single-criterion choice problem under uncertainty I' = (X, Y, ¢(z,y)), the principle of
minimax regret can be written as

1 pu— e p— 2
min max B(z,y) = max R (2%, y) = R (2)

where the Savage-Niehans risk function [2| has the form
R(z,y) = maxp(z,y) — o(z,y) (3)

The value R(z,y) is called the Savage-Niehans risk in a single-criterion choice problem
. Tt describes the risk of decision makers while choosing an alternative x (the difference
between the desired value of the criterion max,ex ¢(x,y) and the realized value p(z,y)).
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Note that a decision maker seeks to reduce precisely this risk as much as posible by
choosing x € X. In fact, the combination of the concept of Nash equilibrium with the
principle of minimax regret is the fundamental idea of this work. Such an approach
matches the desire of each player not only to increase his playoff, but also to reduce
his risk with realizing this desire.

In this context, two questions arise naturally:
1. How can we combine the two objectives of each player (payoff increase with simultaneous
risk reduction) using only one criterion?
2. How can we combine these actions (alternatives) in a single strategy profile, in such a
way that uncertainty is also accounted for?

2. How CAN WE COMBINE THE OBJECTIVES OF EACH PLAYER TO
INCREASE THE PAYOFF AND SIMULTANEOUSLY REDUCE THE RISK?

Construction of Savage—Niehans Risk Function
Recall that, in accordance with the principle of minimax regret, the risk of player 7 is
defined by the Savage-Niechans risk function [3-5]

Ri(x,y) = max fi(z,y) — fi(=, y), (4)

where f;(z,y) denotes the payoff function of player 7 in game (1). Thus, to construct the

risk function R;(z,y) for player 4, first we have to find the dependent maximum
max fi(z,y) = fily]

for all y € Y. To calculate f;[y], in accordance with the theory of two-level hierarchical
games, it is necessary to assume the discrimination of the lower-level player, who forms
the uncertainty y € Y and sends this information to the upper level for constructing
counterstrategies 2 (y) : Y — X so that

max fi(z,y) = fi (z(y),y) = fily] vy € Y.

The set of such counterstrategies is denoted by X?Y. (Actually, this set consists of n-
dimensional vector functions z(y) : Y — X with the domain of definition Y and the
codomain X.) Thus, to construct the first term in (4) at the upper level of the hierarchy,
we have to solve N single-criterion problems of the form

(XYY, filz,y)) (i€N),

for each uncertainty y € Y; here XY is the set of counterstrategies z(y) : Y — X, i.e.,
the set of pure uncertainties y € Y. The problem itself consists in determining the scalar
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functions f;[y] defined by the formula

i = i\, VyeY.
fily] = max fiz,y) vy

After that, the Savage-Nichans risk functions are constructed by formula (4).
Continuity of Risk Function, Guaranteed Payoffs and Risks
Hereinafter, the collection of all compact sets of Euclidean space R¥ is denoted by
comp R¥ and if a scalar function ¢ () on the set X is continuous, we write 1 (-) € C(X).
The main role in this work will be played by the following result.

Proposition 1. If X € compR”, Y € compR™, and f;(-) € C(X x Y), then
(a) the maximum function max,ex fi(z,y) is continuous on Y;

(b) the minimum function mingey fi(x,y) is continuous on X.

These assertions can be found in most monographs on game theory, operations

research, systems theory, and even in books on convex analysis [6].

Corollary 1. If in game (1) the sets X € comp R™ and Y € comp R™ and the functions
fi(-) € C(X xY), then the Savage-Nichans risk function R;(x,y) (i € N) is continuous
on X x Y.

Indeed, by Proposition 1 the first term in (4) is continuous on Y and a difference of
continuous functions is itself continuous for all (z,y) € X x Y.

Let us proceed with guaranteed payoffs and risks in game (1). In a series of
publications |7, 8|, three different ways to account for uncertain factors of decision-
making in conflicts under uncertainty were proposed. Our analysis below will be confined
to one of them presented in [8]. The method that will be applied here consists in the
following. Each payoff function f;(z,y) in game (1) is associated with its strong guarantee
filx] = mingey fi(x,y) (i € N). As a consequence, choosing their strategies from a strategy
profile z € X, the players ensure a payoff f;[x] < fi(x,y) Yy € Y to each player ¢, i.e., under
any realized uncertainty y € Y. Such a strongly-guaranteed payoff f;[z] seems natural for
the interval uncertainties y € Y, because no additional probabilistic characteristics of
y (except for information on the admissible set Y C R™ ) are available. An example
of such uncertainties can be the length of women’s skirts [18|. For a clothing factory,
production planning for a next year heavily affects its future profits; however, in view
of the vagaries of fashion and female logic dictating fashion trends, availability of any
probabilistic characteristics would be hardly expected. In such problems, it is possible
to establish only some obvious limits of length variations. Proposition 1, in combination
with Corollary 1 as well as the continuity of f;(z,y) and R;(z,y) on X x Y, leads to the
following result.
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Proposition 2. If in game (1) the sets X;(: € N) and Y are compact and the payoff
functions f;(x,y) are continuous on X x Y, then the guaranteed payoffs

filr] = min fi(z,y) (i €N) (5)
yeyY
and the guaranteed risks
R;[x] = max R;(z,y) (i € N) (6)
yeyY

are scalar functions that are continuous on X.

Remark 1. First, the meaning of the guaranteed payoff f;[x] from (5) is that, for any
y €Y, the realized payoffs f;(z,y) are not smaller than f;[z]. In other words, using his own
strategies from a strategy profile x € X in game (1), each player ensures a payoft f;(z,y)
of at least f;[z] under any uncertainty y € Y (i € N). Therefore, the guaranteed payoff
filx] gives a lower bound for all possible payoffs f;(x,y) occurring when the uncertainty
y runs through all admissible values from Y. Second, the guaranteed risk R;[z] also gives
an upper bound for all Savage-Niehans risks R;(x,y) that can be realized under any
uncertainties y € Y. Indeed, from (6) it immediately follows that

Ri(x,y) < Ri[x] YyeY (ieN).

Thus, adhering to his strategy x; from a strategy profile x € X, player ¢ € N obtains
a guarantee in the playoff f;[z], because fi[z] < fi(z,y) Vy € Y, and simultaneously a
guarantee in the risk R;[z] > R;(z,y) Yy € Y.

3. TRANSITION FROM GAME (1) TO A NONCOOPERATIVE GAME WITH
Two-COMPONENT PAYOFF FUNCTION

The new mathematical model of a noncooperative N-player game under uncertainty

with a two-component payoff function of each player in the form

G = <N, {Xi}ieN, Y, {fz(xy y)a _Ri(xa y)}i€N>

matches the desire of each player to increase his payoff and simultaneously reduce his risk.
Here, N, X; and Y are the same as in game (1); the novelty consists in the transition from
the one-component function f;(z,y) of each player ¢ to the two-component counterpart
{fi(z,y),—Ri(x,y)}, where R;(x,y) denotes the Savage-Niehans risk function for player
i. Recall that R;(x,y) figures in the game G with the minus sign, as in this case player
1 seeks to increase both criteria simultaneously by an appropriate choice of his strategy
x; € X;. In this model, we expect any uncertainty y € Y to occur. Since R;(x,y) > 0 for
all (z,y) € X XY, an increase of —R;(x,y) is equivalent to a reduction of R;(z,y).
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Since the game G involves interval uncertainties y € Y only (the only available
information is the range of their variation), each player i € N should focus on the
guaranteed payoffs f;[z] from (5) and the guaranteed risks R;[z] from (6), This approach
allows one to pass from the game G to the game of guarantees

G® = (N AX;}on s {fil2], —Ril2]}ien)

in which each player ¢« € N chooses his strategy z; € X; so as to simultaneously maximize
both criteria f;[z] and —R;[z]. By "freezing"the strategies of all players in G® except for
x;, we arrive at the bi-criteria choice problem

for each player i. Recall that, in the bi-criteria choice problem G%, the strategies of all
players except for player ¢ are considered to be fixed ("frozen"), and this player i chooses
his strategy z; € X; so that for x; = 27 the maximum possible values of f;[z] and —R;[z]
are simultaneously realized. Right here it is necessary to answer the first of the two major
questions formulated at the end of article.

4. How CAN WE COMBINE THE OBJECTIVES OF EACH PLAYER (INCREASE
PAYOFF AND SIMULTANEOUSLY REDUCE REALIZED RiskK) UsiNG ONLY
ONE CRITERION?

To answer this question, we will apply the concept of vector optimum-the Pareto
efficient solution-proposed in 1909 by Italian economist and sociologist Pareto [10].

In what follows, for the choice problem G%, introduce the notations f; [z;] = f;[z] and
R; [z;] = R;[x] for the frozen strategies of all players except for the strategy x; of player
i. Then the problem G% = (X;, { fi[z], —Ri[z]}) can be transformed into

(Xi { fi [wa] , =Ry [wi]}) - (7)

Proposition 3. If in problem (7) there exists a strategy =5 € X; and a value o; € (0,1)

such that x§ maximizes the scalar function

®; [2:] = fi [v:] — oi R ] (8)
N . Jaf] = ma (o] - 0P o] ©)

then ¢ is the Pareto-maximal alternative in (7); in other words, for any x; € X; the

system of two inequalities
filwd] = filef],  —Rilwi] > —R;[2],

7 (3
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with at least one strict inequality, is inconsistent.

Assume on the contrary that the strategy z¢ yielded by (9) is not the Pareto-maximal
alternative in problem (7) . Then there exists a strategy z; € X; of player i such that the
system of two inequalities

filzi] = filxi],  —Ri[x] = —R;[2]]

with at least one strict inequality, is consistent.
Multiply both sides of the first inequality by 1 —o; > 0 and of the other inequality by
o; > 0 and then add separately the left- and right-hand sides of the resulting inequalities
to obtain
(L= 0i) filw] — oiRi [7:] > (1 = 03) fi 7] — 0iR; [27]
or, taking into account (8),

(I)z' [fl} > (I)z [I‘j]

This strict inequality contradicts (9), and the conclusion follows.

Remark 2. The combination of criteria (5) and (6) in form (8) is of interest for
two reasons. First, even if for z; # 2f we have an increase of the guaranteed result
fi[zi] > fi[z5], then due to the Pareto maximality of xf and the fact that R;[z;] > 0

(2

e

such an improvement of the guaranteed payoff f;[z;] > f; [z

°] inevitably leads to an

increase of the guaranteed risk R;[z;] > R;[zf]; conversely, for the same reasons,

e

a reduction of the guaranteed risk R;[z;] < R;[xf

°] leads to a reduction of the

guaranteed payoff f; [Z;] < fi [¢] (both cases are undesirable for player ). Therefore, the
replacement of the bi-criteria choice problem (7) with the single-criterion choice problem
(Xy, filrs] — 0y R; [x;]) matches the desire of player i to increase f;[z;] and simultaneously
reduce R;[z;].

Second, since R; [x;] > 0, an increase of the difference f; [x;] — o, R; [x;] also matches
the desire of player i to increase the guaranteed payoff f;[z] and simultaneously reduce
the guaranteed risk R;[z].

5. FORMALIZATION OF GUARANTEED EQUILIBRIUM IN PAYOFFS AND RISKS
FOR GAME (1)

Now, let us answer the second question from the begining: how can we combine the
efforts of all N players in a single strategy profile taking into account the existing interval
uncertainty? To do this, from game (1) we will pass sucessively to noncooperative games
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I'y,I's and I', where

Iy = <Nv {Xi}ieN Y, {f,(ZB, y), _Ri(xa y)}ieN> )

[y = <Na {Xi}ieN ) {fz[l'], _Ri[x]}ieN> )

T3 = (N, {Xi}ien , {®il2] = filz] — oiRi[2]}ie) -
In all these three games, N = {1,2,..., N > 2} is the set of players; z; € X; C R" (i € N)
denote the strategies of player ;2 = (z1,...,2n5) € X = [[;;xXs C R (n =3,y m)
forms a strategy profile; y € Y C R™ are uncertainties; the payoff function f;(x,y) of
each player i € N is defined on the pairs (z,y) € X x Y, in (4), R;(z,y) denotes the
Savage—Niehans risk function of player ¢; finally, o; € (0,1) (i € N) are some constants.
In the game I'y, the payoff function of player ¢ becomes two-component as the difference
between the payoff function f;(z,y) of player ¢ from (1) and the risk function R;(x,y)
from (4).

In the game I'y, the payoff function f;(z,y) and the risk function R;(z,y) are replaced
with their guarantees fi[x] = mingey fi(z,y) and R;[z] = max ey R;i(z,y), respectively.
Finally, in the game I's, the linear combination of the guarantees f;[x] and —R;[z] (see
Proposition 3) is used instead of the payoff function of player i.

6. INTERNAL INSTABILITY OF THE SET OF NASH EQUILIBRIA

Consider a noncooperative N-player game in pure strategies (a non-zero-sum game of
guarantees) of the form

D= (N, {Xi}ien {®il2]}icn) (10)

Each player 7 chooses and uses his pure strategy x; € X; C R™ without making

coalitions with other players, thereby forming a strategy profile x = (z1,...,2y) €

X =L Xi CR™ (n=3,cymn); a payoff function ®;[z] is defined for each i € N on

the set of strategy profiles X, and its value is called the payoft of player i. Below, we will

again use the notations [2°||z;] = [25,... 25 1,5, 25, , ..., 2%] and @ = (y,..., Dy).

Definition 1. A strategy profile z° = (x5,...,2%) € X is called a Nash equilibrium in
game (10) if
max D, [z°||z;] = @; [z°] (i € N) (11)

r; €X;
denote by X¢ the set {2°} of Nash equilibria in game (10).

Let us analyze the internal instability of X°. A subset X* C R" is internally unstable
if there exist at least two strategy profiles z(9) € X* (7 = 1,2) such that

(@ [+V] < ® [2@]] & [, [¢©] <&, [+@] (i eN)] (12)
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and internally stable otherwise.
For example, let us consider the two-player game

({1,204 = 1,1}y {i(0) = =22 4+ 2002} ,) (13)
A strategy profile z¢ = (2¢,25) € [—1,1]? is a Nash equilibrium in game (13) if (see (5))
—a? + 22125 < — (29)° + 22525 Va; € [-1,1)(i = 1,2)
which is equivalent to
— (21— 25)" < — (2§ —a5)”,  —(af —22)" < — (af — a5)”
Therefore, 2§ = 2§ = a Voo = const € [—1,1], i.e., in (13) we have the sets
X ={(a, ) |V € [-1,1]}

and fi (X°) = Ueexe fi (2°) = Uaep1y(@®,0?). Thus, the set X° is internally
unstable, since for game (13) with 2 = (0,0) and z® = (1,1) we obtain
fi(zM) =0< fi (@) = 1(i = 1,2)(see (6)).

Remark 3. In the zero-sum setup of game (10) (i.e., with N = {1,2} and f; = —fo = f),

the equality f (z") = f (2(¥) holds for any two saddle points z¥ € X(k = 1,2) (by the
equivalence of saddle points). Therefore, the set of saddle points in the zero-sum game is
always internally stable. Note that a saddle point is a Nash equilibrium in the zero-sum

set-up of game (10).

Remark 4. In the non-zero-sum setup of game (10), internal instability (see the previous
example) does not occur if there is a unique Nash equilibrium in (10).

Let us associate with game (10) an auxiliary N-criteria choice problem of the form

L= <Xeﬂ {(pi[$]}ieN> (14>

where the set X° of alternatives x coincides with the set of Nash equilibria z¢ of game
(10) and the ith criterion ®;[x] is the payoff function (8) of player i.

Definition 2. An alternative 2z € X° is a Pareto-maximal (weakly efficient) alternative

in (14) if for all x € X® the system of inequalities

with at least one strict inequality, is inconsistent. Denote by X the set {xP} of all such
strategy profiles.

In accordance with Definition 2, the set X C X¢ is internally stable.
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The following assertion is obvious. If
> h@) <) fi(=h) (15)
ieN ieN

for all x € X°, then 2% is a Pareto-maximal alternative in problem (14).

Remark 5. A branch of mathematical programming focused on numerical methods
of Nash equilibria design in games (10) has recently become known as equilibrium
programming. At Moscow State University, research efforts in this field are being
undertaken by the groups of Professors F.P. Vasiliev and A.S. Antipin at the Faculty
of Computational Mathematics and Cybernetics. However, the equilibrium calculation
methods developed so far yield a Nash equilibrium that is not necessarily Pareto-maximal
(in other words, the methods themselves do not guarantee Pareto maximality). At the
same time, such a guarantee appears (!) if equilibrium is constructed using the sufficient

conditions below-see Theorem 1.
7. FORMALIZATION OF PARETO-NASH EQUILIBRIUM
Let us return to the noncooperative game (10)
['= <N> {Xi}ieN ) {cbi [x]}z€N>
associating with it the N-criteria choice problem (14)
(X APl ]}ien) -
Recall that the set of Nash equilibria z° of game (10) (Definition 1) is denoted by X¢,

while the set of Pareto-maximal alternatives ¥ of problem (14) (Definition 2) is denoted
by XP.

Definition 3. A strategy profile 2* € X is called a Pareto-Nash equilibrium in game (10)
if £* is simultaneously

(a) a Nash equilibrium in (10) (Definition 1) and

(b) a Pareto-maximal alternative in (14) (Definition 2).

Remark 6. The existence of 2* in game (10) with X® # @, compact sets X; and continuous
payoff functions ®;[z|(i € N) follows directly from the fact that X® € comp X.

8. SUFFICIENT CONDITIONS OF PARETO-NASH EQUILIBRIUM IN GAME (10)

Relying on (5) and (15), introduce N + 1 scalar functions of the form
pi(z,2) = fi(zl|lz:) — fi(z) (i €N),
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90N+1(xaz> = Zfr(x) - Zfr('z)v (16>

reN reN
where z = (z1,...,2n),2 € X; (i € N), 2 € X, and x € X. The Germeier convolution [11,
p.66] of the scalar functions (16) is given by

Pe.2) = max e(n.2) (17)
Finally, let us associate with game (10) and the N-criteria choice problem (14) the zero-
sum game

(X,7 = X, gz, ). (18)
in which the first player chooses his strategy x € X to increase the payoff function, while
the opponent (the second player) forms his strategy z € X, seeking to decrease as much
as possible the payoff function ¢(z, z) from (16) and (17).
A saddle point (z°,2*) € X? in game (18) is defined by the chain of inequalities

p(z,27) < (2 2") <p(a°2) Va,zeX (19)

In this case, the saddle point is formed by the minimax strategy z*,

(minmaxw(:c,z) = max ¢ (z, z*)) ,

ze€X zeX zeX

in combination with the maximin strategy x°,

. . 0
(ryggg@l}r{w(w,@ = mingp (« ,2)) :

in game (18).
The next result provides a sufficient condition for the existence of a Pareto equilibrium
in game (10).

Theorem 1. If there exists a saddle point (z°,z*) in the zero-sum game (18) (i.e.,
inequalities (19) hold), then the minimazx strateqy z* is a Pareto-Nash equilibrium in
game (10).

Joxazamenvcmeo. Let z = 2° in the right-hand inequality of (19). Then, using (16) and
(17), we obtain

%) (xo,xo) = j:lr,ll..%]}\if+1 ©j (:vo,xo) =0

In accordance with (19), it appears that

> ) = i * .
0> ¢(x,z2") jzlrf}%%+1gpj(x,z) Ve e X
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Therefore, the following chain of implications is valid for all x € X :

|:0 > jle}l”a’J]}\{[+1 SOJ (-Z‘? Z*) > (;0] (I7 Z*):|
o) S0~ 1 N4

A [Zﬁ(m)—Zﬁ(z*) <0 VoeXe }

1€EN 1€EN

— { {max fi (ZF|lzi) = fi (%) (i € N)]
lggggz:fz => 1 (Z*)] }

1€EN 1€EN

205 [2* EXG]/\[Z*EXP]},

due to the inclusion X¢ C X. O

Remark 7. Theorem 1 suggests the following design method for a Pareto—Nash
equilibrium z* in game (10).

Step 1. Using the payoff function ®;[z](i € N) from (5.2.10) and also the vectors
2= (21,.-..,2n),2 € X;, and x = (z1,...,2n),7; € X;(i € N), construct the function
¢(x, z) by formulas (16) and (17).

Step 2. Find the saddle point (z°,2*) of the zero-sum game (18). Then z* is the
Pareto-Nash equilibrium solution of game (10).

As far as we know, numerical calculation methods for the saddle point (2%, 2*) of the

Germeier convolution

ple,z) = max  v;(z,z2)

are lacking; however, they are crucial (see Theorem 1) for constructing Nash equilibria
that are simultaneously Pareto-maximal strategy profiles. Seemingly, this is a new field
of equilibrium programming and it can be developed, again in our opinion, using the
mathematical tools of Germeier convolution optimization max; ¢;(z) that were introduced
by Professor V. F. Demyanov.

Remark 8. The next statement follows from results of operations research (see
Proposition 1) and is a basic recipe for proving the existence of a Pareto-Nash equilibrium
in mixed strategies in game (10). Namely, in game (10) with the sets X; € comp
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R™ and the payoff functions ®;[] € C(X) ( i € N), the Germeier convolution
(x, z) = max;j_;,. n+1 (2, 2)(16), (17) is continuous on X x X.

9. FORMALIZATION OF STRONGLY-GUARANTEED EQUILIBRIUM IN PAYOFFS
AND RISKS

Let us consider the concept of guaranteed equilibrium in game (1) from the viewpoint
of a risk-neutral player. Assume each player ¢ exhibits a risk-neutral behavior, i.e.,
chooses his strategy to increase the payoff (the value of the payoff function f;(z,y))
and simultaneously reduce the risk (the value of the Savage—Niehans risk function
Ri(z,y) = max,ex fi(z,y) — fi(z,y)) under any realization of the uncertainty y € Y.
Hereinafter, we use three N-dimensional vectors f y (fi,...,fn), R = (Ry,...,Rn),
and ® = (®q,...,Py) as well as N values o; € (0,1)(i € N).

Definition 4. A triplet (a:P, fP,RP) is called a strongly-guaranteed Nash
equilibrium in payoffs and risks in game (1) if first, fF = f[2F] and
RF = R[2"]; second, there exist scalar functions fi[z] = mingey fi(z,y) and R;[z]
= maxyey Ri(x,y), Ri(x,y) = max,ex fi(z,v) — fi(x,y)(¢ € N), that are continuous on X;
third, the set X¢ of all Nash equilibria z° in the game of guarantees

Ty = (N {Xi}ion {®il2] = file] — oiRi[z]}, )
is non-empty at least for one value o; € (0, 1), i.e.,

max D, [2°||x;] = ®; [2°], (i €N),

TiEX;
where X¢ = {2°} and [2°||z;] = [25,...,25 |, 25,25, ..., 2%]; fourth, 2¥ is a Pareto-
maximal alternative in the N-criteria choice problem of guarantees

(X APila] }ien)

i.e., the system of inequalities

P;[z] > @, [2"] (i€eN) VaeX,
with at least one strict inequality, is inconsistent.
Remark 9. Let us list a number of advantages of this equilibrium solution. First, as
repeatedly mentioned, economists often divide decision makers (in our game (1), players)
into three groups. The first group includes those who do not like to take risks (risk-averse
players); the second group, risk-seeking players; and the third group, those who consider

the payoffs and risks simultaneously (risk-neutral players). Definition 4 treats all players
as risk-neutral ones, though it would be interesting to analyze the players from different
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groups (risk-averse, risk-seeking and risk-neutral players). We hope to address these issues
in future work.

Second, lower and upper bounds on the payoffs and risks are provided by the
inequalities f; [2F] < f; (2F,y)Vy € Y and R; [2F] > R; (2F,y) Vy € Y, respectively;
note that the continuity of the guarantees f;[z] and R;[z] follows directly from the
inclusions X; € compR"™ (i € N),Y € comp R", and f;[-] € (X x Y ) (see Proposition 2).

Third, an increase of the guaranteed payoffs for a separate player (as compared to
fi [xp} ) would inevitably cause an increase of the guaranteed risk (again, as compared
to R; [xp}), whereas a reduction of this risk would inevitably cause a reduction of the
guaranteed payoff.

Fourth, it is impossible to increase the difference ®; [xp] for all players simultaneously
(this property follows from the Pareto maximality of the strategy profile 2 ).

Fifth, the best solution has been selected from all guaranteed solutions, as the
difference ®; [ZL‘P} takes the largest value (in the sense of vector maximum).

Sixth, under the assumption that the sets X;(i € N) and Y are compact and the
payoff functions f;(x,y) are continuous on X x Y, the guarantees f;[x] and R;[z] exist
and are continuous on X (Proposition 2). Therefore, the existence of solutions formalized
by Definition 4 rests on the existence of Nash equilibria in the game of guarantees. Note
that the framework developed in this section can be also applied to the concepts of Berge
equilibrium, threats and counterthreats, and active equilibrium.

Below we will present a new method of proving the existence of a strongly. guaranteed
Nash equilibrium in payoffs and risks. In particular, using the Germeier convolution of
the payoff function, we have already established sufficient conditions for the existence of
Nash equilibria in pure strategies that are simultaneously Pareto maximal with respect
to all other equilibria (see Theorem 1).

Concluding this section, we will show the existence of such an equilibrium in mixed
strategies under standard assumptions of noncooperative games (compact strategy sets

and continuous payoff functions of all players).

10. EXISTENCE OF PARETO EQUILIBRIUM IN MIXED STRATEGIES

The hope that game (10) has a Pareto equilibrium in pure strategies (Deflnition 3)
is delusive. Such an equilibrium may exist only for a special form of the payoff functions,
a special structure of the strategy sets, and a special number of players. Therefore,
adhering to an approach that stems from Borel [12|, von Neumann [13], Nash [1] and
their followers, we will establish the existence of a Pareto equilibrium in mixed strategies
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in game (10) under standard assumptions of noncooperative games (compact strategy sets
and continuous payoff functions).

Thus, suppose that in game (10) the sets X; of pure strategies x; are convex and
compact in R™ (i.e., convex, closed and bounded; denote this by X; € cocomp R™ ) while
the payoff function fi[ ] of each player (i € N) is continuous on the set of all pure strategy
profiles X = [[. .y X;

Consider the mlxed extension of game (10). For each of the N compact sets X;(i € N),
construct the Borel c-algebra 9B (X;) and probability measures v;(-) of B (X;) (i.e.,
nonnegative countably-additive scalar functions defined on the element of B (X;) that
are normalized to 1 on X;). Denote by {v;} the set of such measures, a measure v;(-) is
called a mixed strategy of player i(: € N) in game (5.2.10) Then, for the same game (10),
construct mixed strategy profiles, i.e., the product measures v(dz) = vy (dzy) - - - vn (dzy).
Denote by {v} the set of such strategy y profiles. Finally, calculate the expected values

/fl v(dz) (i €N). (20)

As a result, we associate with the game I's (10) its mixed extension

Ty = (N, {vi}ian» (i) }icn) -

In the noncooperative game fg,
v;(+) € {v;} is a mixed strategy of player i;
v(-) € {v} is a mixed strategy profile;
fi(v) is the payoff function of player ¢, defined by (10).

In what follows, we will use the vectors z = (z1,...,2y) € X, where z; € X;(i € N),
and x = (z1,...,2y) € X, as well as the mixed strategy profiles v(-), u(-) € {v} and the
expected values

@wzfamwm,aw:/@@<w

mz/ /// / o 2oy 2 2, (21)

Xi—1 X; Xiq1
5 2N) v (dzn) o piva (dzig) v (dl"i) i (dziy) -+ (dz1)
Once again, take notice that z;,z; € X;(i € N) and z, z € X.
The following concept of Nash equilibrium in mixed strategies v°(-) € {v} in game
(10) corresponds to Definition 1 of a Nash equilibrium in pure strategies z¢ € X in the
same game (10).
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Definition 5. A strategy profile v°(-) € {v} is called a Nash equilibrium in the game I's
if

D; [v°f|vi] < @i [v°]  Vo() € {vi} (1 €N) (22)
sometimes, the same strategy profile v°(-) € {v} will be also called a Nash equilibrium in
mixed strategies in game (10).

By Glicksberg’s theorem, under the conditions X; € cocompR™ and f;() €
C(X)(i € N), there exists a Nash equilibrium in mixed strategies in game (10). Denote
by 9) the set of such mixed strategy profiles {v}. With the game f3 we associate the
N-criteria choice problem

I, = <237 {(Di[y]}ieN> : (23)

In (9), the DM chooses a strategy profile v(-) € 9 in order to simultaneously maximize

all elements of a vector criterion ®(v) = (®1(v),...,Pn(v)). Here a generally accepted

solution is a Pareto-maximal alternative.

Definition 6. A strategy profile v (-) € 9) is called a Pareto-maximal alternative for the
N-criteria choice problem T', from (9) if for any v(-) € 2 the system of inequalities

D[] > O] (i eN),
with at least one strict inequality, is inconsistent.

An analog of (15) states the following. If
Y R <> L7, (24)
ieN ieN
for all v(-) € ), then the mixed strategy profile v*(-) € 9) is a Pareto-maximal alternative
in the choice problem I',, (9).

Definition 7. A mixed strategy profile v*(-) € {v} is called a Pareto-Nash equilibrium
in mixed strategies in game (10) if
v*(+) is a Nash equilibrium in the game I's (Definition 5);

v*(+) is a Pareto-maximal alternative in the multicriteria choice problem (9) (Definition 6).

Now, we will prove the existence of a Nash equilibrium in mixed strategies that is

simultaneously Pareto-maximal with respect to all other Nash equilibria.

Proposition 4. Consider the noncooperative game (10), assuming that

1. the set of pure strategies X; of each player ¢ is a nonempty, convex, and compaet set
in R" (i € N);

2. the payoff function ®;[x] of player i(: € N ) is continuous on the set of all strategy
profiles X = ],y Xi.
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Then there exists a Pareto equilibrium in mixed strategies in game (10).

Jloxasamenvcmeso. Using formulas (16) and (17), construct the scalar function
plwz) = _max  ¢;(z,z2),

where, as before,

i, Z) = fi(zllz) — fi(2) (i €N),

SON-H Zfr Zfr(z)

reN reN
z2=(21,...,2y) € X,z € X; (i € N),and = (21,...,2n5) € X, x; € X, (i € N). By the
construction procedure and Remark 9, the function o(z, z) is well-defined and continuous
on the product of compact sets X x X.

Introduce the auxiliary zero-sum game
.= <{Ia II}) X7 Z= X7 QO(.CU, Z)>

In this game, player I chooses his strategy x € X to maximize a continuous payoff function
o(z, z) on X x Z (Z = X) while player II seeks to minimize it by choosing an appropriate
strategy z € X.

Next, we can apply a special case of Glicksberg’s theorem to the game I',, since the
saddle point in the game I', coincides with the Nash equilibrium in the noncooperative

two-player game

Iy = <{LH}’ {X’ Z = X}’ {fI(JZ,Z) = (,D(J},Z), fH(‘T’ Z) = _90(1‘72)}> .

In this game, player I chooses his strategy = € X to maximize fi(z,z) = ¢(z, z), while
player II seeks to maximize fij(z,2) = —p(x, z). In the game Ty, the sets X and Z = X
are compact, while the payoff functions fi(x,z) and fii(z,2) are continuous on X x Z.
Therefore, by the before mentioned Glicksberg theorem, there exists a Nash equilibrium

(v¢, 1*) in the mixed extension of the game I'y, i.e.,

Ty = <{I,H},{v},{,u}, filv, ) //f, x, 2)v(dx)pu(dz) >

i=1,II

Moreover, (v¢, ;1*) obviously represents a saddle point in the mixed extension of the game
La,
I, = <{L (o) ko) = [ [ ote Z)v(dw)u(d2)>
X X
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Consequently, by Glicksberg’s theorem, there exists a pair (v¢, u*) representing a saddle
point of p(v, ), i.e.,
e ) <o 1) <o p), i), ul) € {v} (25)

Setting u = v° in the right-hand inequality in (2), we obtain ¢ (v°,v°) = 0, and hence for
all v(-) € {v} inequalities (2) yield

0= ¢(u") = / ' ma]>\<r+l oi(z, z)v(dr)pw* (dz) (26)
X X
As established in [14],

(This is an analog of the property that the maximum of a sum is not greater than the

sum of corresponding maxima.) From (11) and (12) it follows that

max //goj(x,z)v(dx),u*(dz) <0 Vo() € {v}

j=1,..N+1
but then for each j =1,..., N 4+ 1 we surely have

[ [ emtdonan <o i) e (o) (28)

Recall the normalization conditions of the mixed strategies and mixed strategy, profiles,
namely,
/vi (dx;) = 1,//%‘ (dz;) =1(i € N),/v(dm) = 1,/u(dz) =1, (29)
X X X X
which hold Vv;(+) € {v;} and Vu;(+) € {u;} as well as Vi (-) € {v} and Vu(-) € {u}. Taking
these conditions into account, we will distinguish two cases, j € N and j = N 4+ 1, and

further specify inequalities (28) for each case.
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Case 1: j € N Using (16) and (29) for each i € N, inequality (28) is reduced to

[ [l - s@ e @) = [ [ i Gl

— )] i (ds) o (d2) = / / £ (elle) v (das) p (d2)

X X;

_X/fi(z) /vz (da) / /// X{ e

7. 1 1X X’L+1

L Zil1, Ty Zig1, -+ 2N) iy (dzw) - “His (dziv1) vi (o) py_y (dzi1)

o (d2)] = fi (@) = fi (o) = fi () <O Vo) € {ui} -
In combination with (8), this inequality shows that p*(-) € M, i.e., the mixed strategy
profile *(+) is a Nash equilibrium in game (10) (Definition 5).
Case 2: j = N + 1 Now inequality (28) takes the form

/ / pxan(a, 2)o(da) (d2) = / |3 haptdey(az)

//%fz v(dx)p*(dz) /%fz /u*(dz)
/%f / () g};/f

since 91 C {v}. Hence, for v = p* we directly get (10), i.e., the strategy profile u*(-) is a
Pareto-maximal alternative in the N-criteria choice problem I, (9) (Definition 2).

This result, together with the inclusion p*(-) € 91, completes the proof of
Proposition 4. O

11. DE OMNI RE SCIBILI ET QUIBUSDAM ALIIS

As easily noticed, all the constructions, and lines of reasoning used in our work can
be successfully carried over to the case of Berge equilibrium. We will do this below.

To avoid repetitions, we will emphasize the moments in the proof that are dictated
by the specifics of Berge equilibrium. Again consider the N-player game (1)

<N, {Xi}ieN ,Y, {fz(xv y)}z€N>
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and, using formulas (4), define the Savage-Niehans risk functions
Ri(w,y) = max fi(z,y) = fi(z,y).

Next, by formulas (5) and (6), construct the strongly-guaranteed payoff f;[x] of player i
and the corresponding guaranteed Savage-Niehans risk R;[z]. As a result, we arrive at the
game of guarantees

¢ = (N, {X;},cn . {filz], = Ri[2]},cn)

Then it is natural to pass to the auxiliary game (10),

(N, {X;}ien » {®ilz] = filz] — oy Ri[2]} )

with a constant o; € (0,1).

Recall that, if in the two-player game (N = {1,2}) the players exchange their payoff
functions, then a Nash equilibrium in the new game is a Berge equilibrium in the original
game. Therefore, all the properties intrinsic to Nash equilibria remain in force for Berge
equilibria. In particular, the set of Berge equilibria is internally unstable. With this
instability in mind, let us introduce an analog of Definition 3 for the auxiliary game
(10). As before, [x||zi] = [z1,. .., i1, Zi, Tix1, - -, TN].

Definition 8. A strategy profile 2B € X is called a Pareto-Berge equilibrium in game
(10) if 2B = (2F,...,2%) is simultaneously
1. a Berge equilibrium in (10), i.e.,
, Bl — @. [B ;
rggzc@z [z]|2}] = @; [+] (i eN),
and

2. a Pareto-maximal alternative in the N-criteria choice problem
(X, {®i[2]}en)
i.e., for any z € X®B the system of inequalities
P;[z] > @, [2°] (i €N),

with at least one strict inequality, is inconsistent.

Denote by XB the set of all {xB}.
Sufficient conditions for the existence of a Pareto-Berge equilibrium also involve

the Germeier convolution, with the N-dimensional vectors =z = (z1,...,2y) €
X,Z = (Zl,...,ZN) € X,f = (fl,...,fN),R = (Rl,...,RN), and & = ((I)l,...,(I)N),
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as well as NV constants o; € [0, 1] (i € N). Specifically, consider the N + 1 scalar functions

wl(l', Z) = q)l [21, Lo, ... ,JZN] — @1[2]
¢Q($, Z) = (I)Q [1‘1, 22y e e ,ZL‘N] — (DQ[Z]
30
Q/JN(I,Z) :(I)Q [1'1,1'2,...,2]\7] —@2[2] ( )
N N
Un+i(z, 2) = Z Djla] — Z D;(z]
j=1 J=1
and their Germeier convolution
Y(z,z) = max Pz, 2). (31)

j=1,...N+1

Proposition 5. If there exists a saddle point (xo, zB) € X x X in the zero-sum game
(X,Z=X,9(z,2))

ie.,
I?Eagcw (x, ZB) = (mo, ZB) = Izrél)r(lw (xo, z)

then the minimax strategy z® is a Pareto-Berge equilibrium in game (10).

Like in Proposition 4, we may establish the existence of a Pareto-Berge equilibrium

in mixed strategies.

Proposition 6. Consider the noncooperative game (10), assuming that

1. the sets X;(i € N) and Y are nonempty, convex and compact in R (i € N);

2. the payoff functions f;(z,y)(i € N) are continuous on the Cartesian product X x Y.
Then there exists a Pareto-Berge equilibrium in mixed strategies in this game.

12. A LA FIN DES FINS

Classical scholars believe that the whole essence of mathematical game theory is to
provide comprehensive answers to the following three questions:
1. What is an appropriate optimality principle for a given game?
2. Does an optimal solution exist?
3. If yes, how can one find it?
The answer to the first question for the noncooperative N-player game (1) is the concept
of Pareto-Nash equilibrium (Definition 4) or the concept of Pareto—Berge equilibrium
(Definition 8).
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Next, the answer to the second question is given by Propositions 4 or 6: if the sets of
strategies are convex and compact and the payoff functions of the players are continuous
on X x Y, then such equilibria exist in mixed strategies.

Finally, the answer to the third question is provided by the following procedure: first,
construct the guarantees of the outcomes f;[x] (5) and risks R;[x] (6): second, define the
functions ®;[x] = f;[z] —o; R;[x](i € N); third, find the Germeier convolution of the payoff
functions ¢(x, z) using formulas (16) and (17) for Nash equilibrium or using formulas
(30) and (2) for Berge equilibrium; fourth, calculate the saddle point (z°,z*) of this
convolution; then the minimax strategy z* is the desired Pareto-Berge (or Pareto-Nash)

equilibrium.
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1. PROLOGUE

This article introduces an original approach to multicriteria choice problems under
uncertainty: a decision maker (DM) seeks not only to increase the guaranteed values of
each criterion, but also to reduce the guaranteed risk of such increase. The approach
lies at the junction of multicriteria choice problems [1, 2] and the Savage-Niehans
principle of minimax regret (risk) [3-5|. More specifially, we will employ the notion
of a weakly efficient estimate and the Germeier theorem [6, 7| from the theory of
multicriteria choice problems and an estimated value of the regret function as the Savage—
Niehans risk from the principle of minimax regret [3]. Considerations are restricted to
interval-type uncertainty, i.e., the DM merely knows the limits of a range of values,
without any probabilistic characteristics.We suggest a new concept — the Slater-maximal
strongly—guaranteed solution in outcomes and risks (SGOR) — and establish its existence
under standard assumptions of mathematical programming (continuous criteria, compact
strategy sets and compact uncertainty [9] — [12]). As a possible application, the SGOR
in the diversification problem of a deposit into sub—deposits in different currencies is
calculated in explicit form.

2. INTRODUCTION

Consider a multicriteria choice problem under uncertainty (MCPU)
Fc = <N7X7 Y,f(ﬂf,y)%

where N = {1,..., N}(IN < 2) denotes the set of numbers assigned to the elements f;(z,y)
of a vector criterion f(x,y) = (fi(z,y),..., fn(x,y)); X C R™ is the set of alternatives z;
Y C R™ forms the set of interval uncertainty y. For Savage-Niehans risk function design,
we will also use the strategic uncertainties y(x) : X — Y, denoting their set by Y¥.

At the conceptual level, it is often assumed that the DM in the problem I, seeks
for an alternative x € X that maximizes the values of all criteria (outcomes) under any
realization of the uncertainty y € Y. In this article we will also take into account N
new criteria — the risk posed by increasing these outcomes. Thus, the problem setup
with include N additional criteria, i.e., the Savage-Niehans risk function associated with
outcome increase.

Thus, this article will justify in mathematical terms the next design method of
alternatives in the MCPUs that simultaneously "hits into targets" namely, achieving
higher of all outcomes under smaller risks posed by them.
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THE SAVAGE—NIEHANS PRINCIPLE OF MINIMAX REGRET

In 1939 A. Wald, a Romanian mathematician who emigrated to the USA in 1938,
introduced the maxmin principle, also known as the principle of guaranteed outcome.
This principle allows one to find a guaranteed outcome [13, 14| in a single—criterion
choice problem under uncertainty (SCPU). Almost a decade later, German mathematician
J. Niehans (1948) and American mathematician, economist and statistician L. Savage
(1951) suggested the principle of minimax regret (PMR) for building guaranteed risks in
the SCPUs [4], In the modern literature, this principle is also refered to as the Savage
risk or the Niehans—Savage criterion. Interestingly, during World War 11 Savage worked
as an assistant of J. von Neumann, which surely contributed to the appearance of the
PMR.Note that the autos of two most remarkable dissertations in economics and statistics
are annually awarded the Savage Prize, which was established in 1971 in the USA.

For the single—criterion problem I'y = (X, Y, ¢(z,y)), the PMR is to construct a pair
(z", Ry) € X x R that satisfies the chain of equalities [12]

R = R.(x" = mi R 1
5 = maxRy(",y) = min maxRy(z,y), (1)

where te savage-Niehans risk function has the form

Ry(x,y) = maxé(z,y) — o(z,y). (2)

The value Rj given by (1) is called the Savage-Niehans risk in the problem I'y. The
risk function Ry(x,y) assessed the difference between the realized value of the criterion
¢(z,y) and its best—case value max ¢(z,y) from the DM’s view. Obviously, the DM

ze

strives to reduce Ry(x,y) as much as possible with an appropriately chosen alternative
x € X, naturally expecting the strongest opposition from the uncertainty in accordance
with the principle of guaranteed result (formula (1)). Therefore, adhering to (1)—(2),
the DM is an optimist seeking for the best—case value max ¢(z,y). In contrast, the

pessimistic DM is oriented towards the worth—case result — the Wald maximin solutions

0 40 _ - i 0 ).
(2%, ¢" = maxmin ¢(z,y) = min ¢(z", y))

In the sequel, we will consider that the DM in the problem I'. is an optimist: for
each element f;(x,y) (i € N) of the vector criterion f(z,y), he forms a corresponding

Savage—Niehans risk function:
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Ri(z,y) = max fi(2,y) — fiw,y) (0 € N). (3)

Note two important aspects as follows. First, each criterion f;(z,y) from I'. has
its own risk R;(z,y) (see (3)). Second, the DM tries to choose alternatives z € X so
as to reduce all risks R;(x,y), expecting any realization of the strategic uncertainty
y() e YX, ylx): X - Y.

Remark 1. The models IT', arise naturally, e.g., in economics: a seller in a market is

interested in maximizing his profits under import uncertainty.

The uncertainties present in the problem I'; lead to the sets

¢(z,Y) ={o(z,y) |Vy € Y},
which are induced by an alternative x € X. The set ¢(z,Y’) can be reduced using risks.
What is a proper comprehension of risk? A well-known Russian expert in optimization,
T. Sirazetdinov [16], claims that today there is no rigorous mathematical definition of
risk. The monograph [17, p. 15| even suggested sixteen possible concepts of risk. Most
of them require statistical data of uncertainty. However, in many cases the DM does not
posses such information for objective reasons.

Thus, here risks will be understood as possible deviations of relized values from the
disired ones. Note that this definition (in particular, the Savage—Niehans risk) is in good
agreement with the conventional notion of microeconomic risk; e.g., see [19, pp. 40-50].

Risk management is a topical problem of economics: in 1990, H. Markowitz was
awarded the Nobel Prize in Economic Sciences "for having developed the theory
of portfolio choice". In this article, the idea of his approach will be extended to
the multicriteria choice problems and conflicts under uncertainty. In publications on
microeconomics (e.g., see [18, p.5], [19, p.103|) all decision makers are divided into three
categories: risk—averse, risk—neutral and risk—seeking. Further the DM is assumed to be a

risk—neutral and, of course, an optimist.

STRONG GUARANTEES AND TRANSITION FROM [, TO 2N—CRITERIA CHOICE
PROBLEM

For each of the N criteria f;(z,y) (i € N), construct the corresponding risk function
R;i(x,y) using formulas (3), thereby extending the MCPU TI'. to the 2N—criteria choice
problem

(N, X, Y, {fi(w,y), —Ri(z, y) Yien)- (4)
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In (4) the sets N, X and Y are the same as in I'., while the vector
criterion f(x,y) has an additional term in the form of the N-dimensional vector
—R(z,y) = (—Ri(z,y),...,—Rn(z,y)). Here the minus sign reflects a uniform effect
of any alternative x € X on each criterion f;(x,y)(i € N). More specifically, in problem
(4) the DM chooses an alternative x € X in order to increase as much as possible the value
of each element f;(x,y) and —R;(z,y)(i € N) of the two N—dimensional vectors f(x,y)
and —R(x,y). Moreover, the DM must expect any realization of uncertainty y € Y (note
that an increase of —R;(z,y) is equivalent to a decrease of R;(z,y) due to the minus sign
and R;(z,y) > 0).

Now, consider the strong guarantees of criteria. In a series of papers [21, 22| the authors
suggested three methods to take the uncertain factors into account — an analog of saddle
point [22] and two analogs of maximin [21], namely, strong and vector guarantees. Note
that strong guarantee is used below, while vector guarantee was applied.

Definition 1. A scalar function f;[z] is called a strong guarantee of a criterion
filz,y) : X = Y if, for each z € X,

filz] < fi(z,y) VYyeY (ieN).

Remark 2. Obviously, the function f;[z] = mi}r/l fi(z,y) Vx € X is a strong guarantee
ye

of fi(z,y). Hence, we have an explicit design method for the strong guarantees of all 2N
criteria from (4).

Let us find the strong guarantees R;[x] of the risk functions R;(z,y) given by (3). This
will be done in three steps as follows.
First, define

Yily) = max fi(z,y) VyeY (ieN).
Second, construct the Savage—Niehans risk function
Ri(z,y) = ¢i(y) — filz,y) (i €N).
Third, calculate the strong guarantee Hél}f/l [—Ri(x,y)], i.e.,
y
R;[z] = max R;(x,y) (i € N).
yey

Note, that the DM seeks to minimize the risk R;(x,y) with an appropriate alternative
x € X under any realization of the uncertainty y € Y.

Whenever the functions f;[z] and —R;[z] described in the remark exist, they are strong
guarantees of f;(z,y) and —R;(x,y), respectively. Indeed, for each x € X, we have the

implications

[filz] = min fi(z,y)] = [fil2] < fiz,y) Wy €Y],
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[ Rila] = min (=Ry(z,y))] = [-Rife] < —Ri(z,y) VyeY].

yeyY
The existence of f;[z] and R;[z] follows from a well-known result in operation research,

which was mentioned earlier.

Lemma 1. (see [23, p.54])

If the sets X and Y are compact and the criteria f;(x,y) are continuous on X XY, then

the functions f;[z] = Hliél filz,y) and Y;y] = max fi(z,y) are continuous on X and Y,
ye z€

respectively.

From this point onwards, comp R™ stands for the set of all compact sets from space
R™. In addition, if f;(z,y) is continuous on X x Y, we will write f;(z,y) € C(X x Y).

Remark 3. If in the MCPU T, the criterion fi(z,y) € C(X xY), X € compR" and

Y € compR™, then the Savage—Niehans risk function R;(x,y) (i € N) definded by (3) is

continuous on X x Y. Indeed, the continuity of ¢;[y] = max fi(z,y) follows from Lemma 1,
zE

and hence by (3) the function R;(z,y) = ¢[y] — fi(z,y) (i € N) is also continuous.

Remark 4. The Savage—Niehans risk function (3) characterizes the deviation of the
criterion f;(x,y) from the desired value max fi(z,y). This stimulates the DM’s choice
z€E

of an alternative x € X that would reduce as much as possible the difference R;(x,y)

from (3) or, equivalently, maximize —R;(z,y).

Let us associate with the initial MCPU T'. the 2N—criteria choice problem (4). Once
again, at a conceptual level the DM in problem (4) seeks for an alternative x € X under
which all the 2N criteria fi(z,y) and —R;(z,y) (i € N) would take the greatest values
possible under any realization of the uncertainty y € Y.

FORMALIZATION OF A GUARANTEED SOLUTION IN OUTCOMES AND RISKS
FOR PROBLEM I,

The MCPUs are well-described in the literature (in particular, we refer to the
monograph [24]). The specifics of the interval-type uncertainty y figuring in the problem
I'. compel the DM to use in (4) the available information (the limits of the range of values).
In this article, our analysis will be confined to the strong guarantees f;[z] and —R;[z] of
the criteria f;(z,y) and —R;(x,y), respectively. Therefore, it seems natural to pass from

the MCPU (4) to the multicriteria choice problem of guarantees without uncertainty

I = <X7 {fl[x]a _Rl[x]}Z€N>
The criteria f;[z] and —R;[z] in I'Y are closely related in terms of optimization: the criterion
R;[x] is used for assessing the DM’s risk posed by the outcome f;[z] so that an increase
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in the difference f;[x] — R;[x] leads to a higher guaranteed outcome f;[z] and (or) a lower
guaranteed risk R;[z]. Conversely, a decrease in this difference leads to a lower guaranteed
outcome f;[z] and (or) a higher risk R;[z]. The DM is interested in the maximization of
filx] with simultaneous minimization of R;[z] for each ¢ € N. Therefore, we will associate
with the original 2N —criteria choice problem I'Y the auxiliary N—criteria choice problem

I = (X, {Fi[z] = filz] — Rila]}ien). (5)

For a formalization of the optimal solution in guaranteed outcomes and risks for the
problem I'., we will use a concept of vector maximum from the theory of multicriteria
choice problems [3]. A first optimal solution of this type was introduced in 1909 by Italian
economist and sociologist V. Pareto, (1848-1923), and subsequently it because known as
Pareto maximum.

The analysis below will employ the concept of Slater maximum, which includes the
Pareto maximum as a particular case. Perhaps this concept appeared in the Russian

literature after the translation of a paper by Hurwitz [25].

Definition 2. An alternative 2° € X is called Slater-maximal (weakly efficient) in the

N—criteria choice problem (5) if the system of strict inequalities
Filz] > Filz®] (i €N)

is inconsistent for any = € X.

Remark 5. By definition 2, an alternative 2* € X is not Slater-maximal in problem (5)
if there exists an alternative T € X satisfying the NV inequalities

F,[z] > Fj[z*] (i € N).
Proposition 1. If
min F[z°] = max min F}[z], (6)
ieN veX ieN

then the alternative 2° € X is Slater-maximal in problem (5).

Jlokasameavcmso. By equality (6) and Remark 5, for any alternative z € X there
exists a number j € N such that [Fj[z] < F;[z°]] = [the system of inequalities
Fj[z] > F;[z°] (i € N) is inconsistent| = |2° is Slater-maximal in problem (5)]. O

Theorem 1. If f(-) € C(X xY) and the sets X and Y are compact, then there exists a
Slater—mazimal alternative x° € X in problem (5).
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Joxaszameavcmeo. Using Lemma 1, we have

[fi(-) € C(X xY),i e N] = [filz] € C(X),1 € N],
and, in accordance with Remark 3, R;(-) € C'(X x Y)(: € N). Then, again by Lemma 1,
mil\rrl Fiz] = miNn (fi[z] — R;[z]) € C(X)(i € N). Since the continuous function rnlélFl[x]
1€ 1€ 1€

definded on the compact set X achieves maximum its at some point 2° € X, we arrive at
(6), and now the conclusion follows from Proposition 1. O

Definition 3. A triplet (z° f[z°], R[z°]) is called a strongly-guaranted solution in
outcomes and risks (SGOR) of the MCPU T'.. if

(1) filz] = yei}I}fi(%y),Rz‘[x] = I;lg}Ri(%?/) (i € N);

(2) the alternative z° is Slater-maximal in problem (5).
Recall that
flo] = (fla], .o fnlz]),  Rlz] = (Ralz], ..., Ry(2]),
Ri[2] = max Ri(z,y), Ri(z, y) = max fi(2,y) — fi(z,y) (i € N).

ye

(7)

Why is the strongly—guaranteed solution in outcomes and risks (SGOR) a good
solution for the MCPU I'.7

First, it provides an answer to the indigenous Russian question: "What is to be
done?". The decision maker is suggested to choose the alternative z° from the triplet
(2%, f[=°], R[z®]).

Second, for all i € N, this alternative x° yields outcomes f;(z°,y) that are not
smaller than f;[z°] with a risk R;(2% y) not exceeding R;[x] under any realization of
the uncertainty y € Y. In other words, 2° establishes lower bounds on the outcomes
realized under = 2° and also upper bounds on the risks posed by them.

Third, the situation x° implements the largest (Slater-maximal) outcomes and
corresponding "minus'risks, i.e., there is no other situation x # x° in which all outcome
guarantees f;[2°] would increase and, at the same time, all risk guarantees R;[x°] would
decrease.

In fact, the second and third properties considered together give some analog of the
maximin alternative in the single—criterion problem I'; under uncertainty if the inner
minimum and outer maximum in maximin are replaced by Hélﬁrfl Fi(z,y)(i € N) and
Slater maximum, respectively. There are two lines further imfestigations in this field.
In accordance with the first direction, one should substitute Slater maximality with
Pareto, Borwein, Geoffrion optimality or conical optimality, and then establish connections
between such different solutions. The second direction proceeds from the DM’s desire for
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higher profits under the lowest guarantees in the sense of Definition 2. Consequently, it is
possible to replace scalar minimum (from the inner minimum in maximin) by one of the
listed vector minima, thereby increasing the guarantees for some i € N.

Also, it seems interesting to build a bridge between such solutions; some research
efforts were made in the monograph [24].

Remark 6. Definition 2 suggests a constructive method of SGOR design. It consists of
four steps as follows.

Step 1. Using fi(z,y), find max fi(z,y) = v;[y] and construct the Savage-Niehans risk
function R;(z,y) = ¥;[y] — fi(z,y) for the criterion fi(z,y)(i € N).

Step 2. Evaluate the outcome guarantees f;[x] = gél}l/l fi(z,y) and also the risk guarantees
R[z] = max Ri(xz,y)(i € N).

Step 3. For the auxiliary N—criteria choice problem of guarantees I'*, calculate the Slater—
maximal alternative z°. At this step, we may take advantage of Proposition 2 or perform
transition to the concept of Pareto optimality. For the sake of completeness, we recall this

concept.

Definition 4. An alternative 7 € X is called Pareto-maximal (efficient) in problem (5)
if for any alternatives x € X the system of inequalities

Flz] > Flz"] (i €N),

with at least one strict inequality, is inconsistent.

Note that, first, by Definitions 2 and 3, every Pareto-maximal alternative is also
Slater-maximal (the converse generally fails); second, by Karlin’s lemma [26] , an
alternative ¥ € X that satisfies the condition

max o; Flx| = a; Fi[z? 8
g il = il (®)
for some a; = const > 0 is Pareto-maximal for problem (5).
For the bi-criteria choice problem, letting a; = ap = 1 in (8) gives the equality

max (Fi[z] + Fy[z]) = Fi[z°] + F3[z7] 9)

zeX

for obtaining a Pareto-maximal (hence, Slater-maximal) alternative 2.

Step 4. Using z°, evaluate the guarantees f;[z°] and R;[z°](i € N) and compile the two
N-dimensional vectors f[z°] = (f1[z”], ..., fx[z°]) and R[z°] = (Ri[z%],. .., Rn[27]).

The resulting triplet (z°, f[2°], R[z®]) is the desired SGOR, which complies with
Definition 3, i.e., for each criterion f;(x,y)(i € N) the alternative ° leads to a guaranteed
outcome f;[z°] with a guaranteed Savage-Niehans risk R;[z”].
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Ri1SKS AND OUTCOMES FOR DIVERSIFICATION OF A DEPOSIT INTO
SUB—DEPOSITS CURRENCIES

As mentioned earlier, in economics all decision makers are divided [26] — [32] into
three categories: risk—averse, risk—neutral and risk—seeking. In this work we will solve the
problem of diversification of a one—year deposit into sub—deposits in national and foreign
currency for a risk-neutral person. Note that a similar problem was addressed in the
paper |1, p.9], and the results established therein differ from those below. The case is that
the Slater solutions generaly form a set of distinct elements. Like in [1], the analysis in
this article involves different elements of the same set.

Let us proceed to the diversification problem. The amount of money in a deposit

diversified into two sub—deposits (in national and foreign currency) accumulated by the
1 —
( k ?) (1+d)y; see [30, pp.58&—

60] and also the explanations below. This leads to the single—criterion choice problem

end of the year can be represented as ¢(x,y) = x(1+7r) +

'y = (X,Y, ¢(x,y)), which was studied in [1]. In particular, the guaranteed solutions for
risk—averse, risk-neutral and risk—seeking persons was found. In contrast to the paper [1]
dealing with the single—criterion choice problem with the criterion ¢(z,y), in this work
we will consider a bi—criteria analog of the problem I'; with the criteria

filz) =2(1+7), folz,y) = %

The first criterion concerns the annual income for the sub—deposit in national currency

(14 d)y. (10)

from an investment z, while the second concerns the annual income for the sub—deposit in
foreign currency from the residual investment 1 — z. In formula (10), » and d denote the
interest rates for the sub—deposits in national and foreign currency , respectively; k and y
are the exchange rates (to the national value) at the beginning and at the end of the year,
respectively; finally, = € [0, 1] specifies a proposition in which the main deposit is dedived

into the sub—deposits. Thus, x is the part corresponding to the national sub—deposit,

1—=2
while the other part 1 — x is converted into foreign currency, ——, and then allocated to

the corresponding sub—deposit. At the end of the year, it is converted back into national
_ Cl?)

currency, (1 + d)y; the resulting amount of money makes up fi(z) + fao(x,y). The
decision maker (depositor) has to determine the part = under which the resulting amount
of money is as large as possible. It must be taken in account that the future exchange
rate y is usually unknown. However, we will assume a range of its possible fluctuations,

i.e., y € [a,b], where the constants b > a > 0 are given or a priory known.
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The mathematical model of the bi—criteria deposit diversification problem can be
written as an ordered triplet

Iy = <X = [Ov 1]7Y = [a>b]> {fi(xay)}i=l,2>> (11>

where the functions f;(x,y) are defined by (10); the set X = [0, 1] consists of the DM’s
alternatives x; Y = [a, b] is the set of uncertainties y; finally, f;(x,y) denote the DM’s
utility function (criteria), and their values are called outcomes. In the terminology of
operations research, I's is a single—criterion choice problem under uncertainty. The DM’s
desire to take into account the existing uncertain factors has a close connection with risk
— "possible deviation of some variables from the desired values". We will use the Savage—

Niehans risk function. For problem (5), consider three cases as illustrated at Fig.1, namely,

(1) kl—H‘

< .
%+d_%
oy
1+

d-?
1+
(3)a<k1+d<b.

(2) k

Case 1 % Case 2 ¥ Case 3 ¥

-»

lg—

itr, 9 b a h_:.__p a + b_
- Tk JiLk

=
=

147r

T d and the interval

Puc. 1. The possible arrangements of the point k

[a,b] on axis y

Cases 1 and 2. Recall that I'y is a bi—criteria problem under uncertainty. We will solve

it using Definition 4, which is based on the concept of Pareto optimality.

Proposition 2. In cases 1 and 2, the SGOR in the problem I's has the explicit form

(%, fl2°], R[2%]) = (2% fil2®], fol2"]; Ra[2®], Re[2))

1+d R
B (O;O,Ta;l—l—r,O), lfkl—f—d <a (12)
- 14+d 14r )
1:1 0, —— if k > b.
(1;1+417,0;0, ’ b), i 1—|—cl_b

That is, in case 1 the DM invests everything in the foreign currency sub—deposit,

d

a at the end of the
year; in case 2, he invests everything in the national currency sub—deposit, obtaining with
zero risk a guaranteed minimum amount of 1 + r at the end of the year. In both cases,

obtaining with zero risk a guaranteed minimum amount of
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the guaranteed minimum amounts are obtained with zero risk under any exchange rate

functions y € [a, b] during the year.

Joxazameavcmeo. We carry out the proof in two steps. In first step, following Remark 6,
we construct the resulting 2N —criteria choice problem of guarantees I'Y and then the N—
criteria choice problem (5). In the second step, for this problem (5), we find the Slater—
maximal alternative z° using Proposition 1 and then calculate the explicit form of the

SGOR for the bi—criteria choice problem (5).
First step. In (5), the criteria are given by

filz,y) = filx) =z(1+7), folz,y) = (1 ; z)

Sub-step 1. Using (3), construct the Savage—Niehans risk function

(1+d)y.

Ri(z,y) = [zrg[%?i @) -AQ+rze=>0+r)—z(14+r)=1—2)(1+7r),

1+d 144 1+d 1+d
Rﬂ%wthXh@ﬂ—ﬂ—x)k y = kzrﬂl—@ Y=y

z€[0,1]
Sub-step 2. Now, calculate the strong guarantees in outcomes and risks

filz] = min x(14+r) =2(1 + 1),

yG[a,b]
1+d 1+d
fale] = min (1= )%y = (1 )"0,
Rufe] = max Ry(z,y) = (1 - 2)(1+7),
ye[a,b]
14+d

Rylx] = max Ry(z,y) == b.

ye[a,b] k'

Sub-step 3. The quad—criteria choice problem of guarantees takes the form
[ = <X - [07 ]-]7 {fZ[xL _Ri[$]}i:1,2>'
Step 2 also allows us to define the criteria

Afe] = file] = Bifoe] = (1 +7) = (1 —2)(1+7) = 2 = (1 +7),

l+d  14d, 1+d  1+d
TR VT TR YT Tk

Fyfz] = folz] = Rola] = (1 —x)

(a+b)x
in the auxiliary bi—criteria problem (5)
I = (X = [0,1], {Fi[z] }i=1,2).

Second step. Sub-step 4. Maximize the sum of criteria
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max (F[z] + Fplz]) = Fi[2°] + Fpl2®].

[0,1]
The resulting Pareto-maximal (ergo, Slater-maximal) alternative 2 is
Fz%] = F 1
[27] = max Fla], (13)
where
1+d 1+d
Flz] = Filx] + Fylz) = 2z — 1)(1 +r) + P (a+b)x
1+d 1+d
=z2(1+7) — - (a+b)]—0Q+r)+ a
1+4+d
= ——2v—(a+b)z —v+a},
and v = F—i_;k The function F[z] under maximization is linear in = and defined on the
interval [0, 1]. Therefore, it achieves maximum at one of the endpoints of this interval,
1+d
i.e., either at z = 0, or at x = 1. For x = 0, we have F[0] = %(a —7); for z = 1,
14d
Fli) = (v~ b)
Lemma 2. The next implication is valid
[a > ] = [F[0] > F[1]].
Zloxazameavcmeso. Indeed
a+a a+b
lazr] e |F5=2d= - >0|=la-r>v-1]
14d 1+d
= [FI0) = 2 a—) > Fl) = 2227~ )
O
In a similar fashion, we can easily establish
Lemma 3. The implication
[y = b] = [F[0] < F[1]]
15 valid.
Zloxazameavcmeso. Indeed,
b+0b +
i [z =h>=0 = h-b>a—7
1+d +d
= [Pl = 20— 1) > Fl0) =~ (a— )
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0
By lemmas 2 and 3 , the maximum in (13) is achieved
(a) at 25 =0 if a > 7;
(b) at 2% =1 if v > b.
The corresponding guarantees are calculated using this result and Sub-step 2:
1+d
f1[0] =0, f2[0] = PG Ri[0] =1+ 7Ry[0] = 0;
1+d
fill] =147, fo[0] = 0, Ri[0] = 1, Rp[0] = Tb-
1+r o .
Recall that v = mk, and the proof of Proposition 2 is complete. O
Let us make a few of remarks. First, R;[0] = 1 + r (the Savage-Niehans risk). The
1+d
value Rs[0] = %b has a similar meaning. Second, Proposition 2 was proved in the

paper [29] using a different technique.
Finally, consider case 3. Here we will utilize, first, the results of Sub-step 3 of
Proposition 2, in particular, the bi—criteria choice problem

I = (X = [0,1], {Fi[z] }i=1.2),

where
Filz]=2x—-1)1+71),
1+d  1+d (14)
Fyx] = Z a— —l: (a+b)x;
second, the sufficient conditions (6) for the existence of the alternative z° (see

Proposition 1), writing them for the deposit diversification problem (5) as

min F;[2°] = max min F[z].
i=1,2 2€(0,1] i=1,2

1
Proposition 3. If a < %k < b, the SGOR in the problem I'; has the form

(%, flo®], Rlz®]) = («%; fila®], fole®]; Ra[2°], Ro[2"])
:< y+a (y+a)(l+r) ~y+Db 1—|—da'
2y+a+b 2y+a+b '2y+a+b k (15)
v+0b 1+d ~vy+a >
2y+a+b k 2y+a+b/

(1+7r)

Jloxasamenvcmeso. Draw the graphs of the two functions Fi[z] and Fy[x] from (14). These
functions are linear in x and defined on the interval [0, 1] (a compact set); see Fig.2.
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In Fig. 2 the function II_I%I% {F\[z], F5[z]} is indicated by the bold line, see the angle

ABC. For m[aX] m}% {Fi[z], F3|z]}, the point B satisfies the equality
S 0,1 =1,

Fl [ZES] = F2 [[L’S]

or, using (14)

14+d 1+4+d
29 (2(1 +7) + i (a+b)]:1—|—r—|— _;; a.
: : I+r, . .
With the notation v = mk‘, it can be written as
2y +a+b =7 +a,
which gives
e e S T L
2y +a+b’ 2y +a+b
Using the formulas of Sub-step 2, we calculate the strong guarantees in outcomes and
risks:
s v +a R e )
fr ]_ _— g
v+b ¢ l+d ~v+a
Rz = (1 A — R = b )
7] = +T)2y+a+b’ 2l k' 2v4+a+b

O

1
Thus, we have established the following result (see Proposition 3). If a < HL;/{; < b,

the strongly—guaranteed solution in outcomes and risks of the deposit diversification
Y+a

——— in the national
2y+a+b

problem has form (15). It suggests the DM to invest the part

in the foreign currency sub—deposit.

_yta
2y+a+b
_o+bd
2y+a+b

currency sub—deposit and the residual part ——
urrency su posit an residu pr27+a+b

At the end of the year, the DM will obtain the amount (1 +r) for the national

currency sub—deposit with the Savage—Niehans risk (1 + ) and the amount

1+d v+b
]_ -
PG e

sub—deposit with the Savage-Niehans risk

(after conversion in national currency) for the foreign currency

1+db v+a
k 2y4+a+0

under the exchange rate

fluctuations y € [a, b] during the year.
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1+d

—4a

Y&

Puc. 2. Graphs of functions defined by (14).

Remark 7. If 1+
1+d

foreign currency sub—deposit, because at the end of the year he will obtain the guaranteed
14+d

k < a (case 1), the DM is recommended to invest everything in the

minimum income

1
If ] I :lk > b (case 2), the DM is recommended to invest everything in the national

currency sub—deposit, which will yield him the guaranteed minimum income (1 + r) with

a with zero risk (Proposition 2).

zero risk at the end of the year (Proposition 2).
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ANALYSIS OF METAHEURISTICS FOR MULTI-AGENT ROUTING PROBLEMS.
Makarov O. O.

Abstract. The article presents a numerical experiment dedicated to solving the Traveling
Salesman Problem (TSP) using various metaheuristics on a data set from the TSPLIB library.
The main goal of the experiment was to determine the most efficient and accurate methods for
finding routes. A brief description of each of the studied algorithms is given.

An approach is described for collecting graph metric characteristics that are unique for
the network structure. In the context of TSP, these metrics may include node degrees, edge
weights, connectivity, and other properties that describe the relationships between cities. By
using metadata, it is possible to obtain a generalized description of the network, which aids
in understanding its complexity and properties. A detailed description of the algorithm for
calculating the statistics of weight distribution in a graph is also given. Understanding the
weight distribution is essential in determining the characteristics of the TSP instances, such
as the presence of clusters or patterns that might impact the choice of metaheuristic. The
application of this algorithm to the graph made it possible to automate the selection of the
reference distance parameter for hierarchical clustering. Hierarchical clustering is a method used
to group similar items together based on their characteristics. By identifying cohesive point sets
using this approach, it can potentially discover patterns or substructures in the TSP instances.

The experiment showed that all the applied metaheuristics are able to find approximate
solutions for TSP on various data sets. However, depending on the characteristics of the problem,
some methods proved to be more efficient and accurate than others. The final table contains a
list of the best algorithms with an indication of the number of times when each of them produced
the best solution among the others. It could provide valuable insights into which metaheuristics
work best under certain conditions.

Based on the results obtained, it is planned to establish a link between the graph metadata
and the results, which will allow developing an intelligent system for choosing the optimal
metaheuristic. The choice of metaheuristics is recommended to be carried out taking into account
the specifics of the TSP, such as the number of cities, geographical characteristics, accuracy
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requirements, and execution time. Combining different metaheuristics is suggested as a possible
approach to improve the results in solving the TSP. Hybrid approaches that leverage the strengths
of multiple algorithms could lead to better solutions, especially for complex TSP instances.

The findings in the article have practical implications for real-world routing and scheduling
problems that can be modeled as TSP instances. By understanding the performance of different
metaheuristics based on the problem’s characteristics, practitioners can make informed decisions
on selecting the most suitable approach for their specific needs.

In summary, the article’s numerical experiment, which explores the application of various
metaheuristics to solve the TSP problem, yields valuable insights into the efficiency and
effectiveness of these algorithms. By considering the graph metadata and characteristics of TSP
instances, researchers aim to develop an intelligent system that can select the best metaheuristic
for different scenarios, leading to improved solutions for real-world routing and optimization

problems.

Keywords: traveling salesman problem, multiple traveling salesman problem, hierarchical
clustering, algorithm for solving multiple traveling salesman problems, graph metadata,

metaheuristics, graph metrics

BBEOEHUE

B coBpemennoM Mupe 3ajiaua MapuIpyTH3AIMA UTPAET KJIIOYEBYIO POJIb JIJI ONTHMU-
3aIllH JIOTUCTUYECKUX MePeBO30K. JlaHHYyI0 3aa1y MOXKHO pacCMaTPUBAThH KaK CIIOZKHYIO
ONTUMU3AIMOHHY 0 IIpobJieMy Mapiipyrusanuu Tuna MTSP (Multiple Traveling Salesman
Problem, 3aj1aua MHOruX KOMMUBOSI?KEPOB ), KOTOpast TpeOyeT HAXOXKIEHHs OITHMAJIbHBIX
myTeit JIJisi HECKOJbKUX KOMMUBOSIZKEPOB, C HEIbI0 3(D(MEKTUBHOrO 00C/IyKUBAHUS TTYHK-
TOB HA3HAYEHUS.

Bribop moxojisieii METadBPUCTUKY, MTO3BOJILIONIEN HAXOIUTH NPHUOJIMKEHHBIE WU
ONTUMAJILHBIE PENIEHUs B CJIOKHBIX U MHOTOMEPHBIX ITPOCTPAHCTBAX ITOUCKA JIJIsl perlle-
nus 3agaan MTSP, apiserca akTyaabnoit nmpobsemoii. Merasspucruieckue ajropuTMbl
(reHeTHYECKHE U MypDABbUHbIE CUCTEMbBI, IMUTAINSA OTKUTA U JIP. ) HO3BOJISIOT 3 heKTuB-
HO perraTh Mpob/eMy ONTUMHU3AIIN MapIiipyToB. OTae/IbHON 3a/atdeil CTaHOBUTCSA BBIOOD
ONITUMAJILHOTO AJIFOPUTMA U METalapaMeTpPOB JIJis KazK 10l KOHKPETHOI 3aa49u. DTO CBsI-
3aHO ¢ OOJIBIIUM pasHoOOpa3meM MeTa’sBpucTuk. [Ipemmnonaraercs, 4To ajaropuTm, KOTO-
PBIif XOpoIIo paboTaeT Ha OIPEJIe/ICHHON, yKe PEIIeHHON 3aja4e, TaKxKe MOJONIeT s
OM3Kol K Heil 3ajiade. B manHoM ciydae, ecjim METadBPUCTHKA JIAeT XOPOIIHUil pe3yiib-
TaT Ha rpade ONpeJeseHHONl CTPYKTYPhl, TO U Ha 0J00HOM rpade oHa JAacT XOpOoIiue
pPe3YIbTATHI.

[lens maHHOI cTAThU — HANTH CIIOCOD OIIpEIeIeHNS MeTadBPUCTHUK JJIsi OJTM3KAX 33,141,

OCHOBBIBasCh Ha MeTaJIAaHHBIX I'pada n OJIM30CTH MaTeMaTUIecKuX Mojeseit 3aaad. [[ns
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9TOTO PACCMATPUBAIOTCS PA3/IMIHBIE METAIBPUCTUKHU, IIPUMEHIEMbIe B 3a/1a9aX MapIpy-
tusanun turna TSP (Traveling Salesman Problem, 3ajaua kommusosizkepa) u MTSP. Uc-
caeayoTcs (haKTOPhI, BJIULIONINE HA BLIOOP ONTUMAJIBHON METAIBPUCTUKU B 3aBUCUMOCTHU
oT 0cODEHHOCTEl 3a/1a4un U TpeboBanuil K pesyabraram. [lonnmanne BbIOOpa MeTadIBPUCTHU-
ku jyts pertenus 3aaan MTSP nmeer BazkuaOe 3HaUeHUE 17151 pa3paboTku 3 HEeKTUBHBIX
AJICOPUTMOB MapPIIPYTU3AIIIH.

PaccmoTpuM mpesjiaraeMble B COBPEMEHHOI JIUTEPATYPE IMOJIXO/IbI, KOTOPbIE MOYKHO
HCIIOJIB30BaTh i pertenns 3agad MTSP.

B crarbe [3] paccMaTpuBaroTest MpUKIIAIHBIE MOJIEIH MHOTOAT€HTHON MapIIpy TH3AIAN
C y4YETOM CIEIU(MUKA OPraHu3aIui CTPYKTYPbI CeTH, Ieeil CUCTeMbl U JIOKAJIbHBIX IIe-
Jieit areHToB. Bbljlesien Kiacc 3aa4 MHOIUX KOMMUBOSIZKEPOB Pa3HOI'O YPOBHS HEPAPXUU
(HCMTSP, Hierarchical Clusterd Multiple Traveling Salesman Problem, nepapxuveckast
KJIacTepHast 3a/1a4a MHOIUX KOMMuBosizkepoB). [locrpoenue mapuipyros HCMTSP coria-
COBAHO C €CTECTBEHHON KJiacTepu3alueil cjoKHoit nHDPacTpyKTYpHOil cetu. Boiensercs
nepapxudeckas Kjaacrepusanusa ceTu. [lokazaHo, 4To B 3aBUCUMOCTH OT JIOTHCTHYECKUX
1eJieil JOJIXKeH OBITH BBIOPAH pasIMYHBIN THIT KJaacTepusamuu, corynacoBanroir ¢ MTSP.
CpaBHUBAIOTCST PE3yJIbTATHl BBIYUCIUTEIBHOIO IKCIEPUMEHTA 110 TUIIAM KJIACTEPU3AIIH
u mapmpyTtam. OTaaercs IpeloYTeHne nepapXuieckoil KJaacTepus3alii, COrJIaCOBAHHON
¢ nepapxueit mapmpyros HCMTSP.

B [2| paccmarpuBaercs ajroputm mepapxudeckoit Kiaacrepusanun it HCMTSP.
[IpuBojuTcs cpaBuuTebHBIN anaaun3 perrareas Concorde u aaropuTMa UMUTAIUA OT-
xkwura SA (Simulated Annealing, aaropurm uvuraryn orzxkura) s pemenns MTSP. Tlo-
Ka3aHO, YTO MHOT'OYPOBHEBas KJIAaCTEPU3aIus s 337429 OOJIBIION PA3MEPHOCTH CIIOCO0-
cTByeT cHmkeHuto ciaoxkuoctu pereruns MTSP. Tlocse npeasapurenbHoil Kiactrepusaun
[IPOMCXOIUT TPOIETypa JoKaibHOI ontumu3aiun TSP Ha KaxK oM u3 chopMUpPOBAHHBIX
KJIACTEPOB, & 3aT€M MHOYKECTBO IOJIYUYEeHHBIX pelleHuil 00beuHAeTCA B €JIMHOe PellleHne
HCMTSP.

B [33] mpeacrasien HoBbiil rubpuablii anroputs Jiis pernerns MTSP, naspanubirii
GELS-GA (Gravitational Emulation Local Search Genetic Algorithm, rpaBurarnuontast
IMYJISIINS TEHETUIECKOTO aJITOPUTM C JIOKAJTHHBIM OMCKOM ). [IponsBeien cpaBHUTEIbHBII
aHaJIN3 MIPEJIJIOZKEHHOT0 AJITOPUTMa ¢ TEHETHIECKIM AJITOPUTMOM H MYyPaBbUHOI KOJIOHU.
[Tokazano, 9TO ONTUMAIBLHOCTE JOCTUTAETCS JazKe B 0U9€Hb CJIOKHBIX crieHapusx. Hecmor-
Ps HA IIPOCTOTY MPEJJIAraeMOoro aJIrTOPUTMa, OH TOKA3bIBAET XOPOIIlee BPEeMs BBITIOJIHEHU ST
U HaXO/IUT OJIN3KME K ONTUMAIbHBIM PelleHus JJId 3a/1a9, CPDABHUTEHHO C JIDYTUMU, Pac-
CMOTpPeHHBIME ajropuTMamu. JlanHbIe 718 cpaBHUTEILHOTO aHam3a Opaymch u3 TSPLIB

(Traveling Salesman Problem Library, 6ubanoreka 3a1ad komMmuBosizepa) [67].
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B [60] npuseen 0630p /71 BbIsiBIeHUsT HanboJee MePCHeKTUBHBIX U (D (EKTHBHBIX
METa’BPUCTUK. BBIIeIdI0oTcs TaKne MepCueKTUBHbBIE MTOAX0/IbI, KAK OINTUMHU3AINs UCKYC-
CTBEHHOI ITYeJIMHON KOJIOHUU, ONTUMU3aINs OAKTEPUATIHLHOTO JIOOBIBAHUS KOPMa U aJIro-
PUTM CBETJITYKOB.

B crarpe [34] paccmarpuBaercst mpobiema mostydenust 9(phEeKTHBHOIO PEIeHns 3a-
Jladn KOMMEBOsizKepa ¢ uctosb3oBaruem Tpasuimornoir HNN (Hopfield Neural Network,
HelipoHHasi ceTh Xomdmiaa) u Meroga mrpados. OgHaKo, B pe3ysbrare HEJI0CTATKOB
npumensemoro Mmeroja mrpados, HNN wacTo 3acTtpeBaer B JIOKAJIbHOM MUHHUMyME€ U
He cxouTes K sddekTuBHOMY perernio. B [34]| mpemmaraercs yirydieHHbIH aJrOPUTM,
OCHOBaHHBI Ha YCKOPEHHOW PACIINPEHHOI JiarpaHKeBoil HeifporHoit cetu Xordusiia
(AALHNN, Accelerated Augmented Lagrangian Hopfield Neural Network, yckopennas
pacImpeHHast JJarpaHKeBa HefipoHHas ceTh XOIbuia), KOTOPHIi O3BOJISIET TIPEO/I0JIEThH
stoT Hepoctatok. B anmropurme AALHNN wucnionssyercst meros muoxkuresneii Jlarpanxa,
obecrieunBas 1oJiydeHne 3hpdEKTUBHOrO pelleHns 3aadu KOMMUBOs2Kepa. B ajnropurm
J106aBsIeHbI (haKTOPBI BTOPOIO MOPSJIKA, CTAOMIN3UPYIONINEe THHAMUYECKYIO MOJIETh Hell-
POHHOI ceTu 1 ToBbIIaIme 3hEGEeKTUBHOCTD pelleHusi. B xojie uccieoBaHus aBTOPbI
BHec/in u3menenusi B mojiesin TSP Xondwuimna n Tanka. Orpanndenns TSP ymHOX)KaM0T-
csl Ha, MHOXKHTeNN Jlarpan:ka u ycujieHHbIe MHOXKHUTE M Jlarpanzxka coorBeTcTBEHHO. AJT-
TOPUTM HCIIOJIB3YeT (PYHKIINIO PACHIMPEHHOIO JIarpaHzKuaHa, BKIIOYAIONLIYI0 (DYHKITUIO
JUTUHBI IIYTH, YTO OOECIIEYMBACT HAJIECKHYIO CXOJIMMOCTb W M30aBJICHUE OT JIOKAJIHLHOI'O
vmuHUMYyMa. Muoxkuresnn Jlarpamn:ka OOHOBJISIOTCSA C MCIOJIb30BAHUEM TEXHUKU YCKOpe-
uust Hecreposa [35]. B paGore moka3ano, 9ro SKCTPEMYM, MOJIYYEHHbIH ¢ TIOMOIIBIO 3TOT0
YIIYUIIEHHOTO AJITOPUTMa, SABJISETCS ONTUMAJIBLHBIM DPellleHneM UCXOJHON 3amadn. B xo-
Jie 9KCIIEPUMEHTa, YCIEITHO IOJIyIeHO HpubamKkeHHoe ontuMasbHoe pemrenne TSP. Ilo
cpasaenuio ¢ TpajgunuonHoit HNN, manubrit metos obecrietnBaeT 3 peKTUBHOE peleHne
3319 KOMMUBOsIZKEPa U JIOCTUKEeHe 00Jiee KaueCTBEHHBIX PE3yJIbTaTOB.

[ToxozKuil MOJIX0J], OCHOBAHHBIN Ha HEHPOHHBIX CeTsX, omucaH B paborax |4, 5|, rue
[IPEJIJIOZKEHO UCIT0Ih30BaTh (pyHKIMoHa JIsmyHoBa, mocTpoennbiit Ha mojenn TSP, B ka-
YeCcTBE OCHOBBI JIJI MCKYCCTBEHHON HEHPOHHOI ceTn. /[aHHBIN TOJIX0/T MOXKHO HMCIIOJIB30-
BaTh npu permrennn 3aja4d tTuna MTSP. OcHoBHas c10KHOCTH 3aKII0YAETCS B IIPOIECCe
o0ydJeHMs, TaK KaK MHOTO PECYPCOB YXOIWUT Ha IOJI00DP KOPPEKTHBIX MapaMeTPOB JIJIst

HEAPOHHON CceTH.
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1. ANropuTMbl PEIIIEHUSI SAIJAYN MHOTOATEHTHOM MAPIHIPYTU3ALINN
THUIIA KOMMUBOAXKEPA

[Ipu pemenun TSP Bo3HHKaeT BOIPOC BBIOOPaA ONTUMAJIBHOIO AJTOPUTMa U HADO-
pa mapaMerpoB Il TOJTyYeHHs JIyUIIero MapiipyTa 3a IpHeMjIeMoe BpeMsi. 3adacTyio
TpedyeTcsl MPUMEHNTh HECKOJBKO aJTOPUTMOB ITOC/IEI0BATEILHO, HAIIPUMED, 3aIlyCKAeT-
cs1 OBICTPBIN KA HBII AJITOPUTM JIJIsI TIEPBOTO TPUOJIMZKEHUsI, 3aTEM JIPYTUM AJITOPUTMOM
[IPOU3BOIUTCS Yy dIlleHre 3Toro perienus. Ho Ha TeKymunit MOMEHT He IIPeJICTaB/IeHO aB-
TOMaTHU3UPOBAHHOTO CItocoba orbopa KoMIo3uIuit aaropurMo pertenns TSP u mabopa
METadBPUCTUYECKUX MMapaMeTpoB. B janHoil cTaTbhe HpeJicTaB/ieH dTaln (hOPMUPOBAHUS
0a3bl JAHHBIX [/ 00y YeHNsT MHTEIJIEKTYaIbHON CUCTEMbI BBIOOPA aJI'OPUTMa, OCHOBBIBA-
sicb Ha MeTamHpoOpMalny rpada u MareMaTrdeckoil Mojesn 3ajaqun. [IpuBeen Bbrauc-
JINTEJIbHBIA 9KCIIEPUMEHT JIJIsT CPaBHUTE/IBHOIO aHa/IM3a Ha TECTOBBIX Habopax JAaHHBIX,
JJ1gd KOTOPBIX M3BECTHDI 6III/I3KI/I€ K TOYHBIM pPCIICHUA.

AJIropuTMBI pereHust 3aa9 MHOMOAreHTHON MapIIpyTU3aIliid THIIa KOMMUBOSIZKEPA,
(MHOTHX KOMMUBOSIZKEPOB) OIUPAIOTCST HA METAIBPUCTHYECKHE aJIrOPUTMbI pernenust TSP.
Takum obpazom, mpeiaraeMas Metoanka npumenuma g MTSP, a takxke siBisercst

OCHOBOI1 JIJTs1 BIOOPa aJITOPUTMOB PEIIEHNsT TPAHCIIOPTHOH 381841 C BPEMEHHBIMI OKHAMMU.

1.1. Ommcanue pauubix. s npoBejienns SKCIepUMEHTa UCIIO/IB30BAJIICH JAaTaCEThI U3
TSPLIB [67]. TSPLIB — 5710 6ubsmoreka stamonabix mpumepos it TSP. TSPLIB cocront
13 KOJUIEKITUHU JTAHHBIX JJIs pa3andHbiX TSP, a TakzKe onTUMa/IbHBIX WX JIYYITHX U3BECT-
HBIX PeIreHnit st Kaxkoro sx3eminiapa. TSPLIB comep:kut paznndnble THIIBI JAHHBIX
nast TSP, takme kak cummverpuanas TSP (korga paccrosiHme Mexkiy JIOOBIME JIBYMST
rOpoJIaMi OJIMHAKOBO B 00OMX HallpaBjieHusx) u acuMmmerpudnas TSP (korma paccrosi-
HIe MOYKET MEHSIThCsI B PA3HBIX HAlPaBJICHUAX ). Bubmoreka mpeocTaBisier pasinaHbie
dopmaTel daityioB A IMpeIcTaBIeHNs] SK3EMILISIPOB, 9TO OOJIerdaer ee HUCIOIb30BaHNe
B Pa3jMYHBIX cpejlaX. JTa Oub/IMoTeKa MUPOKO UCIOJIb3YeTCs B COODINECTBE UCCIIEI0BA~
tesieit TSP B KadecTBe cTaH apTHOrO STAJIOHA JIJIs ONEHKU AJI'OPUTMOB U BPUCTUK JIJIsI
pemenns TSP. C ee moMoIpbio MOXKHO CPABHUTH TPOU3BOJUTETHLHOCTD PA3IMIHBIX AJI-
TOPUTMOB, pa3padoTaTh HOBBIE METOJIbI PENIeHNs] U OIEHUTDh IIPOrPecc B 3TOI 0bJIacTh ¢
TEYEeHUEM BPEMEHN.

[IporpaMMHBIii KOMILIEKC TecTHpoBaJics Ha cieayomux rpadax uz TSPLIB [67], unc-
JIO B Ha3BaHUU YKa3bIBaeT Ha KOoJudecTBO BepinuH: €ilbl, berlinb2, st70, pr76, eil76, groo,
rat99, rd100, kroB100, kroD100, kroA100, kroC100, kroE100, €il101, 1in105, pr107, pr124,
bier127, ch130, pr136, gr137, pri44.
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1.2. MeTa’BpUCTUKM JIOKAJbHBIX areHToB. /[l 00ydYeHns cucTeMbl aBTOMATHIECKO-
ro BeIOOpa aJIropuTMa HEOOXOIUMO cOOpaTh 0a3y JAHHBIX PE3Y/IbTATOB pacdeTa JIJisi Ha-
Oopa METa’BPUCTUIECKUX AJTOPUTMOB U MOCTPOUTH CUCTEMY OIpPEJIETeHNsT MEeTa[aHHbIX.
B nannoM pasjesie MPUBOIUTCS PE3YJIbTAT MPOCIETOB I 39 METAIBPUCTUUECCKUX AJITO-
PUTMOB.

Kak mpaBuio, 3T ajaropuTmbl cojiepKar B cebe HEKOTOPBIE IMOJIb30BATEILCKUE I1a-
paMeTphl, KOTOPbIE CUJIBHO BJIMSAIOT Ha Pe3yJbTaThbl pabOThI JJisi KOHKPETHOrO rpada.
Tak Kax oI060P ONTUMATBHBIX TTAPAMETPOB SIBJIAETCST OTAEIBLHON TPY/I0eMKON 3a1adeii, B
JIAHHOM 3KCIIEPUMEHTE OH He MPOBOIUJICS. BMeCTO 3TOro mo/jib30BaTeIbCKue MapaMeTphbl
3aAI0TCS CPETHUME OOIIECIPUHATHIMU 3HAUYCHUAME, & KOJUIECTBO UTEpaInil 3aaeTca B
3aBHCHMOCTH OT Pa3sMEPHOCTH HaboOpa JaHHBIX (deM GOJIbIe Pa3MEPHOCTDL, TeM GOJIbIITe
ureparnuii). Takoil mMoX0/1 TO3BOJISET MOJYIUTh OMOPHBIE PE3YIBTATHI PAGOThI AJITOPUT-
MOB JIJIs1 JTI0OOr0 HAOOpa JTAHHBIX.

B kagectBe OuMOIMOTEKM  META’dBPUCTHUYECKUX  AJTOPUTMOB  HCIIOJIb3YETCSI
pyCombinatorial [65]. DT1o 6Gubimoreka Python, npemocrasisiomas HabGOp ajroput-
MOB KOMOWHATOPHOW ONTUMHU3AIUA W WHCTPYMEHTOB JIId peleHus 3ajad. B Heii
IpeacTaB/JICHbl TAKUE METa3IBPUCTUIECCKHE aJITOPUTMbI, KaK FeHeTI/I“IeCKI/IfI, OIITUMU3aII A
POt YACTHUIL U UMUTAIUS OTXKHUI'a, KOTOPbIE MOI'YT OBITH UCIOJIB30BAHBI I 3P HEKTHB-
HOTO peleHnsT KOMOMHATOPHBIX 3ajad. bubimoreka pyCombinatorial mpemgocrasiser
(byHKL[I/IOHaJIBHBIe BOBMOXKHOCTHU JIJId OIEHKHU ITPOU3BOAUTEC/IBHOCTU aJITOPUTMOB OIITHMU-
3alllin. OHa BKJIIO9a€T METPUKU JIJId U3MEPEHUA KadeCTBa pemeHI/Iﬁ, TaKle KaK SHAUYECHU A
00bEeKTUBHON (DYHKIIMKM U BBIIOJHUMOCTH pelreHns. bubimmoreka mpesiaractT BO3MOXK-
HOCTU BU3YaJM3aI[MH, YTOOBI TOMOYb II0JIH30BATEISIM TOHITH U IIPOAHATU3UPOBATH
IIoBeJaceHue aJIrOpUTMOB OIITHMHU3aIIMN; OHa IIPEeAOoCTaBJ/IACT MHCTPYMEHTBHI [IJId BU3Yya-
JIM3alliun XO/da BBIIIOJIHEHUA aJIFOPUTMOB, BU3YaJIHU3allUd MapHIPyTOB WNJIN Ha3Ha4YEeHU
peleHnii, a Tak:Ke MOCTPOeHUs IPapUKOB MJIM JUATPAMM JIJIsi aHAJII3a [TPOU3BOIUTE b
Hoctu. Baxkno ormernth, uto pyCombinatorial mMeer OTKpPBITBI MCXOMHBIN KOJ. DTO
IIO3BOJINJIO HACTPOUTH U PAaCHIMPUTDH beHKL[I/IOHaJIbHOCTb B COOTBETCTBUU C KOHKPETHBIMU
IIOTpe6HOCTHMI/I BbBIIHUCJIMTEJILHOI'O 3KCIIEpUMEHTA.

Paszpaboramntoe npuioxkenue Jjisi pacdeToB MMeeT MOIYJIbLHYIO CTPYKTypy. Bzammo-
JIeHCTBIE MKy MOJIYJISIMIA OJTHOTO MIPUJIOXKEHUsT PeAJIM30BAHO 3a CIeT BbI30Ba (DYHKIINI.
Cxema mporpaMMHOro MPOAYKTa MpejcTaBiieHa Ha puc. 1. «[1aBHbIi OJIOK» SBJIsIETCS Me-
HEJIZKEPOM BCEro IPOeKTa, Ha BXOJ 9TOro 0JioKa mojaercs cuucok rpacdos. B «[maBnom
0JI0Ke» TPOMCXOINT CUMThIBaHWE rpada, Mocae 9ero oH Iepejaercs B «AaropurMude-
ckuii OJIOK», KOTOPBIl ITPOU3BOJIUT BBI3OB 38 /IAHHOTO CITMCKA aJrOPUTMOB U3 OUOJIMOTEK

(B mamHOM ciiydae 9to qub6o pyCombinatorial, 6o «Bubimoreka amropurmoss ). Dtor
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MO/TyJIb COJIEP?KUT AaBTOPCKUE Peasn3allni HEKOTOPBIX MOaX0/0B. [locie Toro Kak «Aur-
FOPUTMUYIECKUT OJIOK» 3aBEPIIUT PACUET, PE3yJIbTaT BO3Bpaiaercs B «ltaBHbIil OJI0Ky U
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AnropMTMOoB

Puc. 1. Cxema pacueTHOTO MOJYJIsd

Moty IbHBII TTO/IXO/T TIO3BOJISIET MACIITAONPOBATE MTPUIOYKEHUE B 3aBUCUMOCTH OT TPe-
oosanuii. K mpumepy, «AnropurmMudeckuii OJI0K» MOXKET MOJYyIUTH €Ie OIUH MOJTY/Ib-
OUOIMOTEKY aJrOPUTMOB U MHTErPAIMs 3TOro OJIOKA He MOTpedyeT OCOOBIX YCHJIHI CO
CTOPOHBI pa3paboTINKa, eJINHCTBEHHOE BO3MOXKHOE 3aTPYIHEHNE — 9TO Peasn3alliis alall-
Tepa st cOOJTIOIeHns mHTepdeiica JJoUepHero Moy s « AJIropuTMuIeckoro 6Jiokay. Tod-
HO TaK 2Ke JIEFKO MOYKHO U3MEHUTDH CIIOCOO 3aIlMCH PEe3y/IbTaToB, HAIPUMED, Ha 3aluCh B
6a3y JaHHBIX WA KOHCOJIb.

HpOI/ISBe,ILGH aHaJIN3 CJICAYIOIMUX METa3BPUCTUYICCKUX aJITOPUTMOB:

1. Best Known(BK) — siyuriiee uzsecTHoe Ha JJAHHBINH MOMEHT pellieHue Jijisi Habopa
JManubix n3 onbamorekn TSPLIB [67).

2. Ant Colony Optimization (ACO) — mMerasBpucTuvecKuii ajroputM, HHCITHPU-
poBaHHBII 10BeieHneM MypasbeB B nonckax mumu. Ajgroputm ACO (Ant Colony
Optimization, ontumusarust MypaBbuHOil Kostonun) it TSP Moxker HaxoauTh Ka-
JeCTBEHHBIE DeINIeHns 3a pPasyMHOe BpeMs, HO ero 3(M@eKTHBHOCTh 3aBUCHT OT
BBIOOpA TTAPAMETPOB U KOHKPETHBIX XapaKTEePUCTUK peIaeMoro sk3eminisgpa TSP
[6, 21, 52, 62].

3. 2-opt (20pt) — npocToit IBPUCTUIECKUTT ATTOPUTM, UCTIOIL3YEMbIH JJisl YTy diie-
uust pertenust T'SP. OcHoBHas nest aaropuTMa 3aK/II09aeTCs B UTEPATUBHOM yIa Ie-

HUU JIByX pedbep u3 mapripyTta TSP u 3amene ux aByms HOBbIMU pebpamu, KOTOPBIE
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10.

COEIMHSAIOT MapHIPYT APYTUM CIIOCOOOM, UTOOBI IOJIYUIUTh OOJiee KOPOTKoe obIiee
paccrosue |19)].

2-opt-stochastic (20ptS) — Bapuant asropurma 2-opt g TSP. OcHoBHas nzest
AJITOPUTMA 3aKJI0YaeTCsd B CIydaiiHOM BbIOOpe Habopa pebep B MapiipyTe U I10-
CJIeJTYIONIEM MPUMEHEHUN aJITOPUTMa 2-0pt TOJIBKO K 9THM pebpam, a He KO BCeMy
MapipyTy. Takoit Moiaxo/ MOXKET TOMOYb U30€KATh JIOKAJBHOI'O ONTUMYMa U UC-

CJIeJIOBATh GOJIbIIee TIPOCTPAHCTBO perenuii [25].

. 2h-opt (2Hopt) — pacmupenne anropurma 2-opt jayst TSP. OcroBHast ujest ajiro-

purMa 2.5-0pt 3aKII0YAETCS B TOM, 9TOOBI yIAUTh Tpu pedbpa n3 mapipyta TSP,
a 3aTeM COEJUHUTH MApIIPyT € IOMOIIBIO TPEX HOBBIX pedep JPYIuM CIOCODOM,

9TOOBI TIOJIYIUTh MeHbIee obinee paccrosaue [5H8].

. 2h-opt-stochastic (2HoptS) — Bapuant anropurma 2.5-opt mas TSP, Brimoga-

fommii croxactudecknii saement. OcHoBHasI uest 2.5-opt stochastic sakmogaercs: B
cJy9aifHOM BBIOOpe HabOpa u3 Tpex pebdep B MapIIpyTe U IMOCIEAYIONEeM IIpIMeHe-
HUAW aJITOpUTMa 2.5-0pt TOJBKO K 9THM pebpam, a He KO BceMy MapiipyTy. Takoit
[IOJIXO0J, MOXKET TTOMOYb M30€KATh JIOKAJTBLHOI'O ONTUMyMa, U HCCJIe0BATh OOJIbIee

POCTPAHCTBO perenuii [58].

. 3-opt (3opt) — pacmpenne ajropurma 2-opt. OcHoBHas ujesi ajropurma 3-opt

3aKJIIOIAETCS B TOM, YTOOBI yIaauTh Tpu pedpa u3 mapmipyTta TSP, a 3arem coean-
HUATH MapIIPYT C TOMOIIBIO TPEX HOBBIX pedep JPYTUM CIIOCOOOM, YTOOBI MOy YUTh

6ostee KopoTkoe obree paccrosnue [45].

. 3-opt-stochastic (3optS) — BapuanT ajropur™a 3-opt JId pelleHus 3aJauu

KOMMUBOsIZKEPa, BKJIIOYAONNi cToxacTwdecknii smeMent. OcHOBHast mjest 3-opt
stochastic 3akouaercd B ciaydaitHoM BbIOOpe Habopa U3 Tpex pebep B Mapiipy-
Te U IOCJIeAyIOIeM IIPUMEHEHNH aJIropuT™Ma 3-0pt TOIBKO K 9TUM pebpaM, a He KO
BCeMY MapIipyTy. Takoil IMojaxo/l MOKeT TOMOYb BBINTH U3 JIOKAJIHHOTO ONTUMYMa

U UCCJIeIoBATh GOJIbIIee TPOCTPAHCTBO pereHuii [45].

. Biased Random Key Genetic Algorithm (BRKGA) — anropurm, kKaxioe

pelrenne KOToporo IIpe/icTaB/IeHO BEKTOPOM CIyYalHbIX KII04Yell, KOTOPbIE ABJIAI0OT-
cd jefictBuTe/IbHBIME gucaaMu oT 0 1o 1. 3aTeM BEKTOpP COPTHPYETCs, U TOPSIOK
TOPOJIOB OIpEJIEISIeTCs WHIEKCAMHU COPTUPOBKH. Oreparus COPTUPOBKY SIBJISIETCS
CMEITEHHO, TO ecTh KJII0UN, KOTOPhIe OyimKe K 1, ckopee Bcero, OYIyT OTCOPTUPO-
BaHbI PaHbIIE, YTO MPUBOIUT K BBICOKOKAYECTBEHHBIM pereHusiM [30).

Cheapest Insertion (CI) — ajropur™m, OCHOBAHHBIH Ha YACTHYHOM MapIIpyTe,
KOTOPBIN COMEPKUT jBa ropoja. Ha Karkmom mrare aJropuT™ BIOMpaeT ropo, Ko-

TOPBII eITle He BKJIIOYEH B MAPIIPYT, U BCTABJIAET €r0 B MapIIpyT TaKuM 0Opa30oM,
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9TOOBI MUHIMU3UPOBATH yBEINYIEHNE JIJTNHBI MapIIpyTa. AJITOPUTM ITPOIOIZKACTCS
JI0 TeX II0P, IOKa BCe Topoia He OyayT BKaUeHbl B MapmpyT. Cheapest Insertion
UMeeT BPEeMEHHYIO cI0xKHOCTh O(n?), Tj1e m — KOJIM4ecTBO ropoJios [53].
Christofides (Chris) — anropurs, OCHOBaHHBINH Ha KOMOMHAIME MUHUMAJIHLHOTO
OXBaTBIBAIOIIErO JiepeBa n ujaeajbHoro coorserctpus. Christofides Algorithm ume-
eT HauXy/IIyIo BpeMeHHyo ciokuocTh O(n?), riae n — KoamdecTso ropojios. Ajro-
PUTM rapaHTUPOBAHHO BBIJIAET MApPIIPYT, KOTOPBIA MakcuMmyM B 1,5 pasa jijinHHee
ONTHUMAJILHOTO MApPIIPYTa, 9TO JEJIAET €ro OJHUM U3 caMbIX 3(PHEKTUBHBIX IBPU-
crudeckux agropurmos Juist TSP [31, 41, 61].

Clarke and Wright Savings (CWS) — »kajHblil aJrOpuT™ Jijisl PEIeHus 3a-
naun kommuposizkepa. Clarke and Wright (Savings Heuristic) umeer BpemenHyIo
cioxuocts O(n?logn), Tiie n — KoJMYeCTBO TOPOJIOB. AJITOPUTM MOYKET HAXOUTh
Ka4ueCTBEHHBIE PeIeHus /st HeOObINMNX U cpeIHux dk3eMiisgpos TSP u gacto nc-
[0JIb3YeTCsl B KAYeCTBE OTIPABHON TOYKY JIjist 60JIee MPOIBUHYTHIX IBPUCTHIECKUX
asropuTmos [17].

Concave Hull (Conc H) — asroputy™m, He mpeHasHAYEHHbI CIEIUATIBHO [T
pelleHns 3a/a9u KOMMUBOsI?)KEpa, HO TO IOJIE3HBIA aJrOPUTM /IS HAXOMXKJICHUST
BOI'HYTOIl 000JI04YKHM Habopa Todek B JBymepnom rpoctpancrse. Concave Hull
Algorithm umeer Bpemennyio cioxkuoctb O(nlogn), rjae n — KOJUYECTBO TOUEK
[36, 47].

Convex Hull (Conv H) — asropurtym, He npe/iHASHAYEHHBIN CIICIHAIBHO JJIsT Pe-
IIIEHUsT 33191 KOMMEUBOSI?KEPA, HO MTOJIE3HBIH JIJIsT HAXOXKIEHUST BBIYKJION 0007104-
KN MHOXKeCTBa Todek B JByMepHOoM mpocrpancTtBe. Convex Hull Algorithm mmeer
BpeMeHHYI0 cioxkHOCTE O(nlogn), rue n — KoamdecTBo ToueK [39).

Elastic Net (EN) — asroput™m MarmmHHOrO 00y9eHHsI, KOTOPbIA COYETAET METO-
qbl peryiagpusanun L1 w L2 jyist jocTiKeHus 6ajiaHca MeXKly Pa3sperKeHHOCTHIO
u Koppesanueil mpu Beioope mpusHakoB. OH He ObLT crieruaabHO pa3paboTaH s
peIeHns 3a/1a11 KOMMUBOsIZKepa, HO ObLT npuMeneH K TSP B kaduecTBe aBpuctutie-
CKOT'O aJI'OPUTMa ONTHMu3aImn [22].

Extremal Optimization (EQ) — ajropur™, 0CHOBaHHBIN Ha KOHIEIIIUU CAMO-
OPraHU30BAHHON KPUTUIHOCTHU, KOTJA CUCTEMa DA3BUBACTCS B HAIPABJICHUU KPHU-
TUYIECKOTO COCTOSIHUSI, TP KOTOPOM JIaH/IIAMT ONTHMU3AINNA CTAHOBUTCS OoJjiee
ngocrymHeiM |13, 59).

Farthest Insertion (FI) — KOHCTPYKTHBHBIN 9BPUCTHYECKUI aJITOPUTM I Pe-

e 3aJa9 KOMMUBOAZKEPa. HpHHa)lHe}KHT K CeMeﬁCTBy aJI'OPUTMOB BCTaBKH,
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KOTOpPble HAYMHAIOTCA C YACTHIHOTO MapINpyTa M UTEPATUBHO BCTABIAIOT OCTAB-
IIecst TOPOJIa B MAPIIPYT JJIsl CO3/IaHUsI MOJIHOTO MapripyTa. Asroputm Farthest
Insertion uMeeT HAUXYIITYIO BpeMEeHHYIO cI02KHOCTL O(n?), rjae n — KoJM4ecTBO To-
POJIOB, TIOCKOJIbKY €My HEOOXOJMMO BBIUUCIUTEL PACCTOSTHUE MEXK Ty KarKIOW Mapoil
rOPOJIOB, 4TOOBI BBHIOPATH CaMbIil JasibHui ropos [54].

Genetic — MeTadBpUCTUIECKUI aJITOPUTM ONTUMU3AIINN, OCHOBAHHBIN HA IIPUHITH-
ax ecTecTBeHHOro orbopa n reseruku [51, 57|.

Greedy Randomized Adaptive Search Procedure (GRASP) — mHoroza-
JIAYHBI aJITOPUTM, KOTOPBIA COUeTaeT YKaJHYI0 KOHCTPYKTUBHYIO 9BPUCTUKY C Me-
TOJIAMH JIOKAJIBHOTO moncka |24, 49].

Greedy Karp-Steele Patching (GKSP) — yiyuienue TpaMinoHHOrO sKaIHO-
ro ajropurma [26].

Guided Search (GS) — KOHCTPYKTHUBHBII AIrOPUTM, KOTOPBIl CTPOUT peIeHIe
[IOCTEIIeHHO, BLIOUPast JIYUIINil CJIeIYIONNIT X0 Ha OCHOBE YKaJHOTO KPUTEPHST, HO C
HEKOTOPOU PaHJIOMUIAINEHN, TO3BOJIAIONIEN NCCIEIOBATh PA3JIMYHbBIE ITPOCTPAHCTBA
noucka [16].

Hopfield Network (HN) — agropurm Ha OCHOBE HEIDOHHON CeTH, KOTOPBIA MO-
’KeT ObITh MCIIOJIb30BAH JIJIsi PEIleHns 3a/1ad ONTUMU3AINN, BKIIOYAs 3a/1a1y KOM-
MUBOsizKepa. AJITOPUTM OCHOBAH HA CETH B3aUMOCBA3AHHBIX BBIYUCTUTETHHBIX OJI0-
KOB (HEHPOHOB), TJie KaxKIblil HefipoH cooTBeTcTBYeT ropoay B TSP, a cBasu mex ity
HEeHPOHAMI TIPEJICTABIISIOT COOON paccTosHUsT MeK ity ropogamu (43, 44].

Iterated Search (IS) — asropur™m, ocHOBHAs HJesi KOTOPOIO 3aK/II0YAETCS B TOM,
4TOOBI HAYaTh C TEKYIIEro PENIeHns, a 3aTeM MPUMEHUTH MPOIEIyPy MOMCKA I
€ro YJIydIlleHusi. DTOT IMPOIECC MOBTOPIETCA HECKOJIBKO pa3, KayKJblil pa3 Hadu-
Has ¢ HAWJIYYINEero perieHus, HaiflJIeHHOro Ha JaHHbIil MOMeHT. [Iporiemypol moncka,
UCIOJIb3YeMble Ha KarKJOW UTepaluu, MOT'YT ObITh OJIMHAKOBBIMY WJIU PA3HBIMU U
BBIOUPAIOTCS € yUETOM WX CHJIBHBIX U C1abbix cTOpoH |18, 23].

Karp-Steele Patching (KSP) — asropurym, KoTOpbIil HaunHAETCST ¢ BBIGOpA Te-
KYIIIEr'o ropojia B Ka4eCcTBe HAYaIbHOW TOYKHU JIJIsd TAMUJIBTOHOBA IUKJIA. 3aTeM OH
UTEPaATUBHO J00aBJIsseT B IUKJ HOBBIE TOPOJIA, IO OJIHOMY 3a pa3, Ha OCHOBE Ha-
bopa npapui. IIpapuia pazpaboranbl TakuM 00pa30M, 9TOObI rapaHTHPOBATH, UTO
PE3YJILTUPYIONINi TaMIJIBTOHOB IIMKJI BBIIIOJHIM U UMEeT HU3KYI0 CTONMOCTD [42].
Multifragment Heuristic (MH) — anroput™m, KOTOpBIil HaunHAETCsS ¢ pasesie-
Hus sx3eMiisspa TSP Ha HeckobKo 60j1ee MeTKUX M0/I3a/1a4, KayKIasd U3 KOTOPBIX

COCTOUT W3 IMOJAMHOXKeCTBa ropoJioB. [logzagatdn MoOryT ObITH CO3/IaHbI HA OCHOBE
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PA3JIMIHBIX KPUTEPHUEB, TAKNX KaK PACCTOSHUE, CBSI3HOCTD WM KJIACTEPU3AINS TO-
posos [38].

Nearest Insertion (NI) — ajropur™m, KoTopbiil paboraer, HAYMHASA C TEKYIIETO
MapIIpyTa, BKIOYAIONIErO JIBa I'OPOJIAa, & 3aTeM UTEPATHBHO J00aBIAS K MapIIpy-
TY HOBBIE T'OPOJIa TAKUM 00pa30M, YTOOBI MUHUMHU3UPOBATH OOIILYIO ITPOJIOIKUTE Th-
HOCTB MapmipyTa |7, 54].

Nearest Neighbour (NN) — ajsropurm, KOTOpbIii paboraer, HAUUHASA C IPOM3-
BOJILHOI'O TOPOJIa, & 3aTeM MHOTOKPATHO BbIOMpasi OIMKAMIINI HeIoCeleHHbI 1o-
PO/J1, TIOKa BCE TOPOJIa He OYIYT MOCEIIEHBI, YTO TPUBOIUT K ITOJTHOMY TaMUJILTOHOBY
IIUKJIY, KOTOPBIii TIOCEIAeT KaxK Iblii TOpoji POBHO ouH pa3 [32, 56].

Random Insertion (RI) — anropurs, KOTOpBIii HAYMHAETCS C BHIOOpA MPOM3-
BOJILHOTO HAYaJIbHOTO I'OPOJIa, & 3aTeM JI00aBJIeHUS B MapIIpPyT rOpojia, KOTOPHIi
HAXOINTCsI OJIMZKe BCero K HadaabHOMY roposy. Creayrorimii 1o06aB/isieMblit TOpoT,
BBIOMPAETCs CJIyUaiiHbIM 00pa3oM U3 HAOOpa HEMOCENIEHHBIX MOPOJIOB U BCTABJIs-
eTcd B MaplIpyT B CAyYallHOM MecTe, KOTOPpOe MUHUMU3UPYET yBeJMdeHrne oOIeit
JUIAHBL MapipyTa |7, 54].

Random Tour (RT) — anropurm, KOTOpbIii paboTaer, reHepupys CJIyIaiiHbIil ra-
MUJIBTOHOB IIUKJI, KOTOPBIi MOCEIAaeT KaxKIbIii TOPO/ POBHO OJIUH pa3, a 3aTeM UTe-
PATUBHO YJIyUIIaeT MAapIIpyT, MEHdsd MeCTaMH Mapbl TOPOJIOB, YTOOBI YMEHBITUTD
obryro mauHy MapripyTa [11].

Scatter Search (SS) — anropuTym, KOTODPDII HAUNHAETCS C CO3/IAHNS HATAILHON
COBOKYITHOCTH BO3MOYKHBIX PEIIEHUIT ¢ UCIIOIH30BAHNEM IBPUCTUKU TIOCTPOCHUS, Ta-
KO Kak OJIMKalIInit coces MM caydaiiHas BCTaBKa. 3aTeM 9Ta MOMYIAAA JETUTCS
HA HECKOJIbKO TMOJIPYII, KaxK/asi U3 KOTOPBIX ONTUMUBUPYETCsT C UCIOJIB30BaHU-
€M METOJIa JIOKAJILHOTO MOUCKA, TAKOr0 KaK aJrOpPUTM 2-0pt miu ajaroputm 3-opt.
Jlydime pernrenusi n3 KaykJI0i MOATPYIIILI 00bEIMHAIOTCS JIJIsI CO3JIAHUS Pa3HO00-
pa3Horo Habopa pelleHnii-KaH /I1/IaTOB, KOTOPbIE JOMOTHUTETBHO ONMTUMUBUPYIOTCS
C WCIIOJIb30BAHNEM METOJa JIOKAJIBLHOTO moncka |14, 28, 29, 40].

Self Organizing Maps (SOM) — aaropurs™ HefipOHHOI ceTH, BO BpeMsi KazK 10
UTepaIuu KOTOPOro CIydailHbIM 00pa3oM BLIOMPAETCsS TOPOJT U HAXOIUTCs OTrKaii-
masg K HeMy siiefika CeTKd. 3aTeM ajJrOPUTM OOHOBJISET MO3UIUU TOPOJIOB B CO-
ceHUX gYefiKaxX CEeTKM, MCIOJIb3Ys ONpeJe/eHHyI0 (DYHKINIO coceacTBa. DyHKIIs
COCEJICTBA fABJIsIeTCs yObIBaloIieil (hyHKIMel PACCTOAHNSA, ITO TO3BOJISET aJrOPUT-

My 9D hEKTUBHO UCCIIE0BATH TPOCTPAHCTBO pereruii [20)].
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32.

33.

34.

35.

36.

37.

Space Filling Curve Hilbert (SFCH) — asroputym, HCHOJB3YIONHI KPUBYIO
3aII0JIHEHUST TTPOCTPAHCTBA, JIJIsl CBEJICHUS TTPOOJIEMBI TTOUCKA, OTITUMAJIBHOTO MapII-
pyTa K mpobjiemMe yIopsiJioueHus ropojioB Ha Kpusoil. Kpubas ['mabbepra mpej-
craBjisier coboit ppakTaIbHYIO KPUBYIO, 3aIlOJHAIONIYI0 KBaJipar. [IpenmytiecTBo
9TOr0 AJTOPUTMa B TOM, YTO €r0 OTHOCHUTEHHO JIEPKO PeAM30BaTh, M OH MOYKET
obpabateiBaTh Gostbime sK3eMiisgpbl TSP ¢ Teicsaamu ropojos [50].

Space Filling Curve Morton (SFCM) — airopurs, UCHOJIb3YIOMUI KPUBYIO
3AII0JIHEHUS ITPOCTPAHCTBA, YTOOBI CBECTHU MPOOJIEMY MTOUCKA OIMTUMAJILHOTO MaPII-
pyTa K mpobJiemMe yropsiIoueHust TOpoAoB Ha Kpuboii. Kpusass MopToHa — 3T0 THII
KPHUBOIA, 3aIIOTHAIONIEH IIPOCTPAHCTBO, KOTOpas 0TOOpazKaeT JIByMEepHOe IPOCTPaH-
CTBO B OJIHOMEpHYIO KpuBYyI0. KpuBasi CTpOUTCSA IIyTeM UepeOBaHWSA JIBOUIHBIX
[pe/ICTABICHNIT KOODJAUHAT & U Y TO4eK [48].

Space Filling Curve Sierpinski (SFCS) — ucnosib3yer KpuByiO 3aI0JHEHHs
[IPOCTPAHCTBA JIJIsI CBEJICHUS TIPOOIEMBI TIOUCKA ONTUMAJILHOTO MapIIPpyTa K PO-
Os1eMe yIopsi0UeHns ropojioB Ha Kpuboii. Kpusas CeplimHCKOro — 9T0 TUIl ppak-
TAJIBHON KPUBOii, KOTOpast HAYUHAETCS C TPEYTrOJbHUKA U PEKYPCUBHO IOJpas3/ie-
JIsleT ero Ha 0oJjiee MeJIKHe TPEYroJIbHUKKA. KpuBasi CTPOUTCS IIyTeM IOCENeHs
BEPIIUH TPEYIOJbHUKOB B OlpejieieHHoM nopsiyike [10].

Stochastic Hill Climbing (SHC) — asroputm, KOTOPbIi HAIHHAETCS CO CJIyYaii-
HOI'O TEKYIIEro pelleHusl ¥ UTePATUBHO YJIydIllaeT ero, BHOCS HEOOJIbIINE CJTydaii-
HbIe U3MEHEHUsI B PEIlleHre U MPUHUMAasi U3MEeHEHHUe, eCJIi OHO MPUBOJIAT K JIYdIIEeMY
permrennto. CrydaiifiHble W3MEHEHHsT MOT'YT BKJIIOYATh 3aMEHY JIBYX TOPOJIOB MECTAMM,
M3MeHeHHe MOPsi/IKa [OJIMHOYKECTBa TOPOJIOB WU JpyTue BO3MyIeHust [55].
Sweep — KOHCTPYKTUBHBII aJrOPUTM, KOTOPBI HAYNHAETCS ¢ BBIOOPA «IEHTPA/Ib-
HOIT» TOUKM B 9k3eMiuigpe TSP, nanpumep, reoMeTputieckoro meHTpa, a 3aTeM cop-
TUpYeT ropojia B MOJISAPHBIX KOOPJMHATAX OTHOCHUTEJIHHO ITOW TOUYKH. AJTOpUTM
CTPOUT MapIIpyT, COeJMHSsI TOPOjia B OTCOPTHPOBAHHOM mopsijike |9, 12].

Tabu Search (TS) — anaropurm™, OCHOBaHHBI Ha Hjee KPATKOCPOUHBIX JKEPTB
paJii JIOCTH2KEHUsI JIOJTOCPOUHBIX BbiroJl. Tabu Search mopjep:kuBaer cTpyKTypy
MaMsATH, HA3BIBAEMYIO «CIIMCKOM 3aIpPEeTOB», KOTOPas OTCICKUBAET HEJTABHO 1TOCE-
IMeHHbIe PeIeHns] W MPeJOTBPAIlaeT WX MOBTOPHOE ITOCENeHne aJropuTMoM. AJ-
POPUTM HAYUHAETCS C TEKYIIEro PEeIeHrs, KOTOPOe MOKeT OBITh CTeHEPUPOBAHO C
HCTIOJIb30BaHUEM PAa3IMIHBIX METOJI0B, Taknx Kak Nearest Neighbour nin Random
Insertion. 3arem ajropuT™M BBITIOJIHSIET CEPUIO UTEPATIHil JIOKAJTHLHOTO ITOUCKA, B KO-
TOPBIX OH UCCJIEyeT OKPECTHOCTH TEKYIIEro pelleHust, BHOCA HeOOJIbINNE U3MeHe-

HUd, TAKNE KaK 3aMEeHa JBYX I'OPOJIOB UJIA BCTaBKa I'OPOJIA MEXKJLY ABYMS APYTUMU.
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38.

39.

40.

AJIFOpI/ITM OIICHUBaE€T HOBBLIE DeElIeHUdg, CO3JaHHbIC 9TUMN MOL[I/ICbI/IKa.L[I/ISH\/H/I, 1 BbI-
Oupaer Jrydinee U3 HEX JjIs nepexoga |27, 37|

Truncated Branch and Bound (TBB) — anropurwm jisg TSP, ocnoBannblii Ha
METO/Ie BeTBEel U I'paHull, KOTOPBIA HCCIEAyeT IIPOCTPAHCTBO PEUICHUN, pa3BeTB-
JIAACh Ha IIOAMHO2KECTBa I'OPO/IOB U OI'paHMYIMBadAd ITOUCK, OT6paCbIBa.H HJaCTUYHbBIE
penrennd, KOTOpbIe HE MOI'YT IIPUBECTU K OIITUMAJIbBHBIM PEIICHUAM. OCHOBHaH niaed
TBB cocTouT B TOM, 9TOOBI HCHOIL30BATH OIPAHMYEHHE 110 BPEMEHHU I KOHTPOJIS
KOJIMYECTBa BETBJICHUN 1 orpanumdenuii. To ecTh BMECTO TOro, 9ToObI NCCIEI0BATD
BCE JIEPEBO IIOMCKA, aJI'OPUTM OCTAHABIMBACTCS YePe3 3aJaHHOe BPEMS 1 BO3BpaIIla-
eT JIydilee penienue, HaigeHHoe Ha Janubii Moment. Takum obpaszom, TBB moxker
obpabaTbiBaTh KpyIHble sKk3eMIuiapsl TSP [8].

Twice-Around the Tree Algorithm (TAT) — spucrtudeckuii ajropuTm, oc-
HOBaHHBII Ha MOMCKE MUHUMAJBLHOIO OCTOBHOTO JIEpPeBa BXOJIHOTO rpada n mocie-
JyromeM 00Xoze JepeBa IBaxK bl 1 (pOpMUPOBAHUS MAPLIIPYTa. AJITOPUTM HMeeT
BpeMeHHYI0 cj10:kHOCTh O(nlogn) jyist MOCTPOEHUsT MUHUMAJIBHOIO OCTOBHOTO Jie-
pesa u O(n) mis ero 06xoja, TJe n — KOJINIeCTBO BepiinH B rpade [15].
Variable Neighborhood Search (VINS)— anropurm, KoTopblii HaunHaeT pabo-
Ty € TEKYIIEro perierus (HampuMep, CJIydaifHO CreHepUPOBAHHOIO MapIipyTa), a
3aTeM BBIIOJIHACT JOKAJIBHBIN ITOUCK 110 9TOMY PEINeHHIO. e/ JIOKaJIbHDIA MOuCK
He JaeT YJIYYIICHHOI'O pelleHudg, aJIrOpuTM IIepexXoauT K HOBOMy PEIIeHnIo B ﬂpyFOM
paiione (HampuMmep, IIyTeM H3MEHEHUsI MOPsJIKa MOJMHOYKECTBAa TOPOJIOB B MapIil-
pyTe). 3areM CHOBa BBIIOJHAETCS JIOKAJBHBIH MOUCK HOBOI'O PEINEHUs, U MIPOIIECC
HOBTOPAETCS 10 TeX IOp, IOKa He OyaeT HalIeHO yIOBIETBOPUTEILHOE PelleHue
WM 1moka He GyJIeT BBIIOJHEH KaKOH-Jn00 KpuTepuil 3aBepineHns (HampuMmep, J10-

CTUTHYTO MaKCHMAaJIbHOE KOJMIeCTBO nrepariuii) [46].

1.3. Merpuyeckue xapakTepuctukm rpada. Merpudeckne XapaKTepUCTUKH Trpada

IpeacTaB/IAI0T c000I1 KOJIMYeCTBEeHHbIE IIOKa3aTeJ/In, UCIIOJIb3YeMbIC IJId U3MEPEHUA U aHa-

Jinza coitcTB rpada. OHu npeIocTaB/IsA0T HHMOPMAIIUIO O PACCTOSHUAX U CBA3IX MEXKLY

BepImHaMu rpada.

MeTtpudeckue XapakKTepUCTHKU T'pada MIrpaloT BayKHYIO POJIb B aHAIN3€ U CpaBHe-

HAW PA3JIMIHBIX THIIOB I'padoB, a Tak:Ke B PEIICHUU PA3JIUIHBIX 33/1a9, CBA3AHHBIX C

ceTdMu, MalepyTI/ISaILI/IGIU/I n OHTI/IMI/ISaHI/IeI';I. OHU HO3BOJIAIOT KAYEeCTBEHHO OIMUCHLIBATDL U

U3ydarTh CTPYKTYPY M CBOHCTBa rpada, YTO CIIOCOOCTBYET JIyUIIeMy OHUMAHUIO €ro Xa-

PaAKTEPUCTUK U TOBejieHns. banskue rpadbr obecrieunBaior 01m30¢Th 33121 TSP 1 BEIOOD

aJITOPUTMOB.

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



AHnaaus memasgpucmur das 3a0ay MHO20G2eHMHOT MAPUWPYMUIAUUU 75

ITornarue MeTaJaHHble MO2KHO paCCMaTpuUBaThb KaK «JaHHbIC O JaHHbIX, KOTOPbIEC BbI-

YUCJIAIOTCA Ha OCHOBE JaHHDBIX». Onn MOTI'YyT BKJ/IIO9aTh TaKYIO I/IHCI)Opl\/IaHI/HO, KaK pasMep

1JIN IIJIOTHOCTDB rpa(ba, pacipeaeseHmne CcTelleHell nad MoKa3aTeaIn HEHTPaJIbHOCTU Y3JIOB,

KO3 PUITUEHT KJIACTEPU3AIUN U MOJLYJIbHOCTDb CTPYKTYPbI COOOIECTBA, & TaKXKe JIo-

Oble Apyrue CBOJHbIEC CTATUCTUYIECCKUE JJaHHbIC NI METPUKU, KOTOPbIE OTPpazKalOT BazKHbIE

cBoiicTBa rpada.

Cmcok M3BJIEKAEMBIX METPUYECKUX [JaHHBIX IIPUBEIECH B Ta6JII/IHe 1.

Tabauuya 1. Merpuyueckue xapakTepucTuku rpada

HasBaHue meTpuku 3HuauyeHune
is_ directed SABJISIETCS 1 rpad HaAIIPaBJIEHHBIM
is_regular SIBJISIETCS JIX Ipad PeryJIsipHbIM
has bridges Haju4Iue B rpade MOCTOB
is_chordal SIBJISIETCS JIU Tpad XOPIOBBIM
diameter nuamerp rpada
radius paauyc rpada
nodes KOJIMYECTBO BEPIIUH
edges KOJIMYIeCTBO pebep
count _max_cliques KOJINYEeCTBO MAKCHUMAaJIbHBIX KJINK
max_weight clique BeC MaKCHUMAaJIbHOM KJIUKH
density IIJIOTHOCTH I'pada
node connectivity rnapaMeTp CBSI3HOCTH y3JIOB
count triangles KOJIMYE€CTBO TPUAHTYJIAIMI
number of isolates | KosmYecTBO M30/IMPOBAHHBIX BEPIINH
s_metric s-MeTpuka rpada

Brrunciennsie MeTaJdaHHble MOI'yT OBITH IIOJIE3HEI JJI4d HECKOJIbKHUX ueﬂeﬁ, TaKHNX KaK:

® XapaKTEepHCTUKA IVI00AJBHBIX CBOWCTB U CTPYKTYPHI rpada. Beraunciennbie Meta-
JIaHHBIE MOTYT JIaTh IpeJicTaB/ieHre 00 OOIeil TOIOJIOTHU W ITOBEJICHUH rpada, a
TaKKe MIOMOYb BBISBUTH JIIOObIE 3aKOHOMEPHOCTU WJIM AHOMAJINH, KOTOPBhIE MOTYT
UMeTb OTHOIIEHNE K aHAIu3Y;

cpaBHeHUe rpadoB Wn rpadOoBbIX aJrOpUTMOB. BbIIUCIEeHHbIE MeTaJaHHbIE MO-
I'yT OBITH UCIOJIB30BAHBI JJIsI CPABHEHUSI TPOM3BOIUTEIHHOCTH WU (P HEKTUBHO-
ctu rpadOBBIX AJITOPUTMOB UJIN MOJIe/Iell Ha TeCTOBBIX HADOPAX JAHHBIX, & TAK¥Ke
JIUIs OTIPeJieJIeHUsl TOr0, KaKhe U3 HUX OOJIbINe MOJXOIAT JIJIsd JAHHON 3a/Iavu WJIH
NIPUJIOYKECHUSI;

PYKOBOJICTBO 110 BBIOOPY HapaMeTpoB WM MoOjeseil g anajin3a rpados. Borauc-
JIEHHBIE METaJIaHHBIE MOT'YT CJIYKUTb PYKOBOJICTBOM IIPU BBIOOPE TIOIXOJIANINX T1a-
paMeTpoB WU MoJiesieil 11 aHa/m3a rpadoB, BbIIEsds COOTBETCTBYIOIINE ACTIEKThI

rpada, KoTopble HeOOXOIMMO IPUHUMATH BO BHUMAHUE.

HeKOTOpre IIpUMEPDBI BBIYUCJIAEMbBIX METa/JlaHHbIX B aHaJIU3€ I‘paCbOB BKJIIOYalIOT:
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e pacrpejiesienue crereneil. Paciipeienenue creneneit rpada mpejcrasiiser codoii ru-
CTOTpaMMy KOJIMYECTBa y3JI0B C KaKJOW CTEIEHBIO0 U MOXKET JaTh IPEJCTaBICHIE
0 CBSI3HOCTH U HEOJIHOPOJIHOCTH CETH;

® Mepbl IMEHTPAJIBHOCTU. Takme IMoKasaTe il IEeHTPAJbHOCTH, KaK IEeHTPAJbHOCTH
MEXKJIy y3JIaMU, TeHTPaIbHOCTh OJU30CTH WU IEeHTPAIbHOCTh COOCTBEHHOTO BEK-
TOpa, MOI'YyT JaTb IIpeACTaB/JIEHUE O BaKHOCTHU WJIX BJIMAHHUUN Y3JIOB B Fpacbe;

e CTPyKTypa coolIecTBa. AJropuTMbl OOHAPYKEHUST COODIIECTB MOTYT OIPEJIC/IUTH
IPYIIIBI Y3JI0B, KOTOPBIE ILJIOTHO CBA3aHBI MEXKJTy cO0Oii, HO c1abo CBA3AHBI C JIPY-

TUMU TPYIIIAMHU, U BBISBUTH MOJYJIbHYIO MM UEPAPXUIECKYIO CTPYKTYpPY rpada.

Brerunciennsie MeTadaHHbIe Fpacba ABJIAIOTCA NCTOYHUKOM I/IHCbOpMaHI/II/I JJId ero aHa-

JIn3a, IIOMOI'aloT O6Hapy}KI/ITb CKPbITbIE 3aKOHOMEPHOCTH U CTPYKTYPLI B CJIOZKHBIX CETHAX.

AsroputMm 1. AJIropuTMm mojicueTa CTaTUCTUKU paclipe/ejieHnsi BecoB B rpade

Bxox: Crhucok Touek Ha 1miockoctu (Points), 10/b30BaTebCKIE  APAMETPBI
(split _parts — KOJIMIECTBO JIUATIA30HOB JIJIsl MOJICYETa CTATUCTUKN ).

Beixoa: O6bekt Tuna {”statistic”min_distance ”max_distance ” step” }, tae statistic
— cuucok u3 Split_parts 3JIeMEHTOB, B KOTOPOM KAaKJIbIil 3JIEMEHT COOTBETCTBYET
KOJIMYECTBY BECOB, MOMABIINX B JIAHHBIN JUana3oH. min_ distance — MUHUMAJIbHBIN Bec,
max__distance — MaKCUMaJILHBIN Bec, step — mar, Ha KOTOPbI OTJINYAIOTCA JTUATIa30HbI.

1. NaumuayimsupoBatsh nepemMenubie min_distance = inf, max_distance = —inf,
statistic = [01, 02, ..., Osprit_parts)-
2. s KayK7I0if TOYKH MOJTYyYHUTh ee UHJEeKC B Points.
3. g KazkJ10ff TOYKU TOJYIUTh ee uHjiekc pointl index B Points.
a) s kax1oit Touku, HauMHas ¢ uHjekca pointl index+1, OJyduTh €e MHIEKC
point2 index B Points.
(i) Beramcaurs  paccrosinue  distance MeXjy TOYKAMU C WHJIEKCAMI
pointl _index u point2 _index.
(ii) Eciu mosyuennoe paccrosinue Gosibiie, uem maz_distance
(A) Ipuceours max _distance = distance.
(iii) Ecou mosryuenHoe paccrosiue MeHbIne, deM min_distance
(A) Ilpucsouts min_distance = distance.
4. Borancoute mar no dopmyine step = (max_distance — min_ distance)/
split _parts.
5. s KarK10ii TOYKY MOJTYyIUTh ee uHjekc pointl index B Points.
a) st kaxk 1ol TOUKHM, HAUMHAS ¢ HHJIeKca point]l indexr + 1, moydnThb ee MHIEKC
point2 _index B Points.
(i) Beraucours  paccrosinue  distance MeXjy TOYKAMU C WHJIEKCAMU
pointl index u point2 _index.

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



Anaau3 mMemasspucmur 0as 3a0a% MHO2002eHIMHOT, MAPWPYMUIAUUU 77

(ii) Borameaurh  WHAEKC — @anas’oHa, B KOTODBI  IOlajaer  Bec
index = distance//step (rme // — oneparus jeeHus HATIEIO).
(i) YBeawauThb  KOJMYECTBO  BECOB B JIMANa30HE 110  HHJEKCY
statisticlindex]+ = 1.
6. Bepuyrb obbekr tuna {statistic, min_distance, max_distance, step}.

B anropurme 1 ywmbiieno npumensgercd ayO/upoBaHue Kojia 00X0JIa BCEX BEPITUH
rpada B 1. 3 U 5. DTOro MOKHO OBbLIO U30EXKATH IIyTeM J00aBJIEHUs] BCIIOMOTATEIbHOIO
MaCCHBa BECOB, HO B 9TOM CJIyvae YBEJMUYNBAETCS HAIPY3Ka Ha OIEPATUBHYIO MaMATh IIPU
BBIUHC/IEHNN CTATHUCTUKHU Paclpee/leHns BECOB B IOJHOCBS3HBIX rpadax, cojaeprKalimx
oosiee 100000 Bepmwmu. Hampumep, s 100000 BeprnuH 3amuceii BO BCIIOMOTaTe/TbHOM
maccuse BecoB Oyzmer 100000 - (100000 — 1)/2 = 4999950000. [TosToMy OBLIO IPUHSITO pe-

IeHne IMOBbICUTDh HaI'PY3KY Ha IIPOIECCOP M CHU3UTDH HAaI'PDY3KY Ha OII€PATHUBHYIO IIaMATD.

2. PE3VJIBTATHI SKCIIEPUMEHTA

B pesyisibraTe 4nc/IeHHBIX 9KCIEPUMEHTOB chopMUpOBaHa Tad uia paboTsr 39 meTas-
BPHUCTUYECKUX aJropuT™MoB Jijist Tpados u3 TSPLIB. B kononke «BK» maxomurces mydrmree
U3BECTHOE PeIeHne Jijisi KOHKPETHOro Habopa JIaHHBIX Ha JIaHHbI MoMmeHT. V3 Tabsuiibl
BHUJIHO, UTO pa3dbpPOC penieHnii, oIy IeHHbBIX KazK/IbIM U3 aJrOPUTMOB, HEe OYeHb OOJIBINOII.
B KOHKpeTHBIX ciydasix MOXKHO BbIJIEJIUTH (paBopuTa. 1o ecTh Jj1d olpeieIeHHOro Habopa
JIAHHBIX OJIMH M3 aJI'OPUTMOB JAeT JIyUIllee pelleHne Cpeau OCTAIbLHbBIX.

Ecim canrars, 9T0 BRIOOP aaropuTMa 3aBUCUT OT CTPYKTYPHI I'pacda 1 ero MeraiaH-
HBIX, TO MOXKHO CO3/IaTh CHCTEMY, KOTOpasd Oy/eT ompeessiTh OJIM30CTh HOBOI'O, €Ie He
IMOCYUTAHHOTO HabOpa JAHHBIX C yKe MOCYMTAHHBIM U PEKOMEHJIOBATH KOMITO3UIIUIO aJl-
TOPUTMOB JIJIsI, TPEIIOJIOKUATEIBHO, JYUIIero perierns. B ciydae, Korga aJaropuTM He
CMOT' HAiTH peIreHne B CBA3K C JIOCTUXKEHUEM IIPEJIEJIOB JOIMYCTUMOM ITaMsaTH WK JPYTHU-
MU OTpaHUYECHUAMU, B HAlJICHHOE PACCTOSHUE yCTaHaB/IMBaeTcsd 3nadenue () u cauraercs,
YTO JIAHHBIN aJrOPUTM He TIPUMEHUM K TaKOil CTPYKType JaHHbIX. [[puBegeM HEKOTOpHBIE

pe3yJIbTaThl PacieToR.
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Tabauya 2. Pe3ynbraTbl pacieToB METAIBPUCTUK

Ne | Graph BK ACO 2-opt 2-opt-s 2h-opt 2h-opt-s 3-opt 3-opt-s BRKGA
1 eil51 426.0 429.53 447.75 462.18 447.59 441.65 444.24 459.44 437.44

2 berlin52 | 7542.0 7544.36 8167.56 8383.20 7544.36 7606.94 8238.29 7834.97 7979.28

3 st70 675.0 677.19 730.12 722.74 732.07 713.28 704.45 721.40 733.48

4 pr76 108159.0 | 108276.70 | 112729.20 | 112780.22 | 112850.22 | 111303.44 | 115021.33 | 111483.65 | 113384.60
5 €il76 538.0 559.89 590.68 584.89 577.19 568.97 584.91 578.71 569.48

6 gro6 513.0 517.97 545.84 575.84 526.26 529.42 530.06 575.34 569.78

7 rat99 1211.0 1239.79 1299.92 1399.72 1321.66 1296.95 1360.37 1342.51 1295.77

8 rd100 7910.0 8004.78 8683.90 8754.32 8563.66 8354.23 8469.93 8791.99 8400.92

9 kroB100 | 22141.0 22276.46 23942.18 24011.29 23095.20 24243.62 22998.08 23169.84 24057.63
10 | kroD100 | 21294.0 21637.25 21731.16 24008.92 22316.84 22419.64 21756.90 22843.45 23101.22
11 | kroA100 | 21282.0 21298.97 22559.31 25493.61 22019.61 22127.75 22862.20 23135.99 22387.36
12 | kroC100 | 20749.0 20869.58 22031.61 23347.89 22683.12 22164.09 21584.71 21869.79 22348.93
13 | kroE100 | 22068.0 22284.07 24315.47 23596.70 22870.31 23280.25 23624.86 24257.74 22344.01
14 | €il101 629.0 659.44 686.87 694.80 675.00 698.06 689.18 699.15 670.39

15 | lin105 14379.0 14382.99 14996.22 15676.55 15200.16 15156.76 16523.81 15218.50 15024.53
16 | prl07 44303.0 44346.18 47131.45 52111.44 47254.60 46028.45 44634.43 47269.51 49449.20
17 | prl24 59030.0 59208.55 66851.30 70866.02 61319.06 60370.74 61118.96 64272.20 60290.45
18 | bierl27 118282.0 | 119302.01 | 128625.53 | 129316.30 | 124153.88 | 128362.69 | 122248.22 | 124259.82 | 125811.42
19 | ch130 6110.0 6255.06 6506.12 7242.88 6494.04 6389.63 6435.45 6859.48 6488.68
20 | pr136 96772.0 98203.23 102043.55 | 112530.64 | 101719.29 | 100062.18 | 102991.44 | 107814.45 | 106079.00
21 | grl37 706.0 710.27 780.10 856.05 749.59 779.91 757.46 774.83 736.27

22 | prl44 58537.0 58535.22 62981.24 72809.04 65040.18 61754.71 58604.90 67500.88 63246.04

Tabaruya 2 (npodosstcenue). Pe3ynbraTel pacaeToB METAIBPUCTHK
Ne | CI Chris CWS SFCM Concave Convex EN EO FI Genetic
1 445.29 443.96 457.91 468.69 441.23 441.23 443.14 474.42 433.71 429.53
2 8215.84 7868.36 8092.39 8089.82 8325.96 7544.36 7544.36 8529.12 T777.33 7544.36
3 682.64 696.19 721.08 701.03 695.54 701.95 689.07 752.54 677.19 690.63
4 113347.92 | 113744.39 | 115002.74 | 111253.88 | 111159.94 | 109989.10 | 111989.11 | 109446.59 | 108663.45 | 110703.54
5 587.61 570.35 585.55 588.24 566.01 566.01 570.20 598.17 556.02 566.02
6 527.74 0.0 569.75 570.68 517.49 517.49 536.73 548.52 513.85 534.11
7 1297.74 1303.40 1293.98 1299.76 1281.05 1252.56 1289.19 1318.65 1232.64 1281.94
8 8022.96 8336.74 8814.33 8362.28 8167.40 8173.48 8168.96 9113.01 8113.10 8268.31
9 24201.45 22994.26 23943.54 23895.26 22407.52 22570.54 23493.49 24717.16 22349.21 22326.01
10 | 22147.91 21726.74 22799.43 22410.31 21777.24 21728.54 22876.70 24283.54 21523.83 21778.30
11 | 22469.81 22126.62 22254.16 22123.04 21481.30 21481.30 22424.90 25419.88 21452.06 21381.83
12 | 21398.81 21321.74 22030.40 21734.51 21109.46 21081.31 21868.09 24131.50 21043.72 21268.11
13 | 23577.71 22794.99 23444.14 23704.72 22912.52 22779.45 22546.78 23004.48 22463.79 22423.36
14 | 669.16 664.48 706.83 693.92 656.47 656.47 658.41 710.69 657.78 650.79
15 | 14796.39 15014.92 15126.60 14464.91 0.0 14975.80 15067.68 17264.39 14439.70 14931.06
16 | 45768.42 45317.79 47389.63 49952.99 0.0 49295.19 46642.07 50323.09 45023.63 44620.66
17 | 60257.65 59570.32 60106.74 60601.53 0.0 60388.39 61775.50 70638.64 59030.73 60088.84
18 | 130620.10 | 122143.48 | 124886.48 | 128737.41 | 122893.60 | 122893.60 | 122794.91 | 126082.84 | 119336.12 | 123941.64
19 | 6502.18 0.0 6528.89 6510.52 6502.65 6630.58 6317.33 7101.52 6224.74 6344.00
20 | 100706.58 | 98905.33 104853.73 | 108161.83 | 0.0 102780.48 | 101517.94 | 112089.26 | 98235.27 99807.24
21 | 787.41 0.0 737.02 780.01 722.77 722.77 782.29 805.49 708.67 733.05
22 | 59736.47 58810.93 60745.01 63913.49 0.0 60639.49 60335.09 72120.51 58880.62 58587.14
Onenka pabOThI AJTOPUTMOB IMPHUBEJCHA Ha pPHUC. 2, 3 I KaxKJ0ro u3 Habo-

POB JAHHBIX. 371€Ch OTOOpaykeHa OTHOCHUTE/IbHAsl OIEHKA 110 TIOJIy9IeHHBIM PENTeHUSIM:

d(d) = (d — d*)/d*, tne d — pesyabrar pacueToB u3 TabauIbl 2, d* — Jydiiee 3HAYCHE.
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OTHOCUTeNbHas oueHKa 6

0.2
0.0
-0.2
—8— aco
—o— 2-opt
w 04 | -~ 2-opt-stochastic
| —e— 2n-opt
—e— 2h-opt-stochastic
—o— 3-opt
—o— 3-opt-stochastic
—e— best_known
0.6 —o— rk_genetic
—e— cheapest_insertion
—o— christofides
—o— darke_wright_savings
—e— concave_hull
—e— convex_hull
087 o~ elastic_net
—8— extremal_optimization
—o— farthest_insertion
—e— genetic
—o— grasp
_1.0 | —* ogreedy_karp_steele_patching
—— guided_search
eil51  berlin52 st70 prié €eil76 rat99 rd100 kroB100 kroD100 kroAl00 kroC100 kroE100 eil101  [in105 prio7 pri24 bierl27 ch130 pri36 gri37 prisas
Habop AaHHbIX
OTHOCMTe/IbHAA OLleHKa O
0.2 \. /
0.0
-0.2

© -0.4 —e— hopfield_network
—o— iterated_search

—e— karp_steele_patching

—e— multifragment_heuristic

—e— nearest_insertion

—e— nearest_neighbour

| e~ random_insertion

—o— random_tour

—o— scatter_search

—e— self organizing_maps

—e— space filing_curve_h

—e— space filing_curve_m

| —e— space_filling_curve_s

—e— stochastic_hill_climbing

—o— sweep

—e— tabu_search

—o— truncated_branch_and_bound
_1.0 4 —o— tat algorithm

—o— variable_neighborhood_search

0.6

—0.84

eils1  berlin52 st70 pr76 €eil76 rat99 rd100 kroB100 kroD100 kroA100 kroC100 kroE100 eil101  [in105 prio7 pri24 bierl27 ch130 pri3e gr137 pria4
Habop AaHHbIX

Puc. 3. PesynbraThl paboThl aJropuTMOB

[Ipeanoraraercs, 9To Jiydiiee H3BECTHOE PEIIeHre MeHbIIe JIM0O paBHO JIIOOOMY Haii-

JIEHHOMY B IIporiecce sKciepuMmenta. Ho eciim Kakoii-ubo ajropuTsM yaydinnT U3BECTHOE

«Taspuueckull secmrur unPopmamuru u mamemamurus, N1 (56)° 2023



80 0. O. Maxapos

perenue, TOo 3TO OyJIeT 3aMeTHO Ha rpaduke, TaK KaK 3HAYEHUE OTHOCUTETHLHON OIECHKU
CTaHeT OTPUIATE/JbHBIM. Takum oOpa3oM, ueM Touka OJimKe K HYJII0, TeM ONTUMAaJbHEe
periienre ObLIO HalijieHO. 3HadYeHus, paBHble -1 oTpaxkaoT 0 u3 Tab/mIbl 3HAYEHU, UTO

COOTBETCTBYET CJIy4dalO, KOI'/la pelieHne aJropuTMomM He Haﬁ,HeHO.

Tabauya 3. AnropuT™, TOKA3aBIIHI JIYUIIUH pe3yibTaT Ha rpade

Algorithm with best solution

ACO eil51, berlin52, pr76

Chris gr96, ch130, gr137

Concave Hull 1in105, pr107, pr124, pr136, prl44

Genetic eill01

GRASP kroA100

Greedy Karp-Steele Patching | bier127

Hopfield Network kroC100

Iterated Search €il76

Nearest Insertion kroB100

Nearest Neighbour rat99

Random Insertion kroD100

Scatter Search rd100, kroE100

Sweep st70
SAKJ/IFOYEHUE

B pabore mpousBeieH 9nC/IeHHbII 9KcIepuMenT 110 pertennio TSP ¢ ucrob3oBanneM
PA3JIMYHBIX META3BPUCTUK Ha MHOYKeCTBe JaHHBIX n3 oubmorekn TSPLIB ¢ nesbio ompe-
Jiesierns HanOoJiee 3(PHEKTUBHBIX METOOB JIId HAXOXKICHUSA ONTUMAJILHBIX MAPIIPYTOB.

PeSyﬂbTaTbl IKCIIEpUMEHTa IIOKa3aJId, 9YTO BCEC IPUMEHCHHbBIE MCTAa3BPUCTUKHU CHOCO6—
Hbl HafiTu mpubIMKeHHbIe WX ONTHMAaJbHBIE PEIIeHUs 3a/a9i KOMMEIBOsIzKEpa Ha, pas3-
JIMIHBIX Habopax gaHHbIX. OTHAKO, B 3aBUCHMOCTH OT XapaKTePUCTHK 3a1a9i, HEKOTOPhIe
MeTOJIbI TTPOSIBUIN ceOs OoJiee 3h(HEKTUBHBIMU, YeM JIPyTHE.

UccnenoBanne aaropuTMoB MOKa3aJ10, 9TO HEKOTOPBIE AJITOPUTMbBI TTOKA3BIBAIOT JTy -
Uil pe3yJibTaT Ha HECKOJbKMX TECTOBBIX MHOXKeCcTBaX. KoJIM4ecTBO JIydIIuX pereHuii B
IIPOIEHTHOM COOTHONICHNM OT BCeX TeCTOBBIX JaHHbIX Takoil: Concave Hull 22%, ACO
12%, Christofides 12%, Scatter Search 9%, Sweep 5%, Iterated Search 5%, Nearest
Neighbour 5%, Nearest Insertion 5%, Random Insertion 5%, GRASP 5%, Hopfield
Network 5%, Genetic 5%, Greedy Karp-Steele Patching 5%.

[IpuBesieH CIIMCOK JIVUIUX aJrOPUTMOB, 8 TAKZKe KOJUIECTBO Pa3, KOraa KOHKPETHBIH
AJITOPUTM TIOKA3bIBAJI JIydIllee PerieHne Cpeau OCcTaabHbIX. MOXKHO ¢jiesiaTh BBIBOJ, UTO
Concave hull Bbrgas Jrydinme pesysabraThl B 5 TECTOBBIX NpUMepax W3 Beeil BHIOOPKH,
TakxKe xoporrre pesyabrarkl nokaszaaun ACO u Christofides. Ha ocHoBe sTux gaHHBIX
IIaHupyeTcsd chopMUPOBATH 3aBUCHMOCTb MeTaJIaHHBIX rpada OT pe3ybTaTOB PabOThI

AJITOPUTMOB U IIOCTPOUTDH MHTEJIJIEKTYaJIbHYIO CUCTEMY IIO HO,ZL60py METa’3BPUCTUK.
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OcHOBBIBasICh Ha pe3y/IbTraTax, PEKOMEH IYeTCs BHIOMPATh META9BPUCTHUKY B 3aBUCHMO-
CTH OT OCOOEHHOCTElN 3aJla4r MApPIIPYTU3AIUN KOMMUBOszKepa. HeobXomMo yInThIBaTh
KOJIMYIECTBO TOPOJIOB, reorpadutieckie n nHPACTPYKTYPHbIE XapaKTEPUCTUKU, TPeOOBA-
HIsI K TOYHOCTHU PeNIeHNs W BPeMsl BBIMOTHEHNsS. KoMOMHUpOBaHNe Pa3INIHBIX METaIB-

PUCTUK MOXKET IIPUBECTU K IIOJYYICHNIO CYIIECTBECHHO JIYUYIINX PE3YyJIbTaTOB.
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ON HYPERCYCLIC OPERATORS IN WEIGHTED SPACES OF ENTIRE FUNCTIONS.
Rakhimova A. 1.

Abstract.

In this paper we have studied various hypercyclic operators in the weighted space of entire
functions .%,. Hypercyclic operators play an important role in the theory of dynamical systems.
Note that questions about hypercyclic operators have been considered in detail only in spaces of
entire and analytic functions. And in the weighted spaces of entire functions, such operators are
not yet very well studied and provide a large number of research problems.

The space %, is defined as follows. Let ¢ = {¢n(2)}_; — arbitrary family of functions
convex in C" taking real values and satisfying some conditions on their growth ¢;)—i4). Now for
each function we introduce a weighted normed space .%,, consisting of from integer functions in
C". Let .#,, denote their projective limit. Then it is a Frechet-Schwarz space of type (F'S).

Next for the space .%,, one can find additional conditions on the weight functions, under which
it will be invariant under differentiation. It can also be shown that, under the same conditions, it is
shift-invariant. Then we can consider the problems of hypercyclicity in it partial differentiation
and shift operators, their compositions, convolution operator and operators commuting with
differentiation.

Theorem 1 proves hypercyclicity in the space %, partial differentiation operator
é%" J € {1;n} with respect to any of the complex variables.

In Theorem 2 hypercyclicity in this space of a finite sum of such operators was shown

> coD$ f, and in Theorem 3 — their infinite sum > coDSf under certain
a€Zl: la|<m a€Zl: |a|>0
conditions on the coefficients of the series.

Theorem 4 states that the shift operator by some constant T, : f(z) € F, — f(z +a),
where a € C", and it is not equal to zero, is hypercyclic in .Z.

By Theorem 5 it follows that a continuous linear operator 7" in the space .7, which commutes
with partial differentiation operators and is not equal to a scalar multiple of the identity mapping,
is hypercyclic in the given space.
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The following corollaries follow from this theorem. The finite sum of shifts and the sum of
compositions of shifts with partial differentiation operators are hypercyclic. Also, under certain

requirements for the coefficients of the series, the infinite sum of shifts will be hypercyclic.

Theorem 6 considers an operator of the form T'f(z) = > cja%j(f()\z+b)), where all numbers
j=1

AeC,beC"and ¢j € C", j € {1;n} fixed. Then this operator is hypercyclic in the space %,
under the condition |A| < 1.

Next in Theorem 7 consider a generalized function with compact support S, whose Fourier-
Laplace transform is not identical to a constant value. Then we can make sure that the
convolution operator of the form Mg[f](z) = S;(f(z +1)) is hypercyclic in .%,. We also consider
the case when the additional condition are satisfied for the family of functions ¢, and S is
defined as a continuous linear functional on .#¢. Then the convolution operator Mg[f] will also

be hypercyclic in Fo.

Keywords: hypercyclic operator, weight space, partial differentiation operator, shift operator,

convolution operator, entire function

BBEOEHUE

Jluneiinplii HenpepbiBHBIA onepaTop 1’ Ha cenapabe bHOM JIOKAJIBHO BBIIYKJIOM IIPO-
crpancTBe X HA3bIBAIOT TUIEPIUKIMIECKUM, €CJIU CYIIeCTByeT djieMeHT x € X (Ha3blBae-
MBIl THIEPIUK/IMYECKIM BEKTOPOM) Takoil, uro ee opbuta Orb{x, T} = {z, Tx, T?x, ...}
minorHa B X. Takue oneparopbl UTPAIOT BayKHYIO POJIb B TEOPUU JUHAMUYECKUX CHCTEM.
[TepBble pe3yabTaThl TEOPUU THIEPIUKINIECKIX ONEPATOPOB ObLIM TIOJIYYEHbI IS Pac-
CMaTPUBAEMOTO C OOBIYHOI TOIOJIOrMell PaBHOMEPHON CXOAMMOCTH Ha KOMIIAKTaX KOM-
IJTEKCHOM II0CKOCTH TpocTpaHcTBa 1esbix dyukmuit H(C). A umenno, 8 1929 roxy x. /.
Bupkxod [1| mokazas, aro cymectByer resas GyHKIus f Takas, IT0 MHOXKECTBO, COCTOSI-
mee u3 byuxwit f(2), f(z+1), f(z+2),..., wiorao B H(C), 410 03HaAYAET MUIIEPITUKITAI-
noctsb oneparopa 1T’ B H(C), neitcrsytomiero no npasuny (7f)(z) = f(z+1), a 8 1952 roxy
k. P. Maxkueiin [2| mokasas, aro cymectsyer dyuknus f € H(C) takasi, 9470 MHOKECTBO,
cocrosiiiiee u3 byuxnuit f, f, f”, ..., wiorao 8 H(C), 4ro o3HaYaer runeprukInIHOCTb
oneparopa juddepeniuposanus B H(C).

B pat6orax K.-I. I'pocce-Dpamanna [7| u I'. Tlerepcona [8| mpusemen Gosbiioit 06-
30p IMIEPIUKINICCKIX OIEPATOPOB JJIA PA3IUIHLIX IIPOCTPAHCTB. [IpobieMa runepnmk-
JITIHOCTH B IIPOM3BOJILHBIX JIMHEHHBIX TOHOJOIMYECKUX IPOCTPAHCTBAX PACCMATPUBAJIACH
I". Tonedpya u Tx.I". Ilanupo [9], P.M. Tecbuepom u Tx.I". Ilamupo [10], K. Kuran [11].
OcHoBubIMEU pesyibraTamu crareii [9] u [10] siBastoTCst MpUBeIeHHBIE HUYKE KPUTEPHUU M-

HEPIUKJINIHOCTH B cenapabeabHoM mpocrpancTBe Ppere. B cratwe |9] Takxke mokazaHo
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yrBep:ierue o runeprukananoctn B H(C) moboro omeparopa CBepTKH, XapaKTEPUCTH-
Jeckast (DYHKIHSA KOTOPOil He TOXKJIECTBEHHA TOCTOsHHON. A B pabore [10| mpuBeseHbI
JIOKa3aTe/IbCTBa TeopeM O rureprukgandnoctun u3 padbor /xk./[. Bupkroda u Lx.P. Ma-
kJleitna, a Takyke HekoTopbix 0000mennit B. Jly, B.II. Ceitnenem u JIx.JI. Baabmem
TeopeMbl bupkroda.

B nasnbheiiiem 6610 1MOKA3aHO, UTO MHOIUE BAyKHbBIE B IIPUJIOXKEHUSIX KJIACCHI Olle-
PaTOPOB B IIPOCTPAHCTBAX 1EJIbIX (DYyHKIMI (Kak OJHOMN, TAaK U MHOI'MX [EPEMEHHBIX) 00-
najaor stuM coiicrBoM [3]-[14]. B patorax B.D. Kuma [3], P. Apona u /1. Mapkoce [4]
U3YYaJIICh Pa3ndHble runepiwkiandeckue onepatopsl B H(C). Y HEX Takxke HMeeTCs
10/IpOOHBIN 0030p JIUTepaTyphl 1O JaHHOW Teme. B 9roit obacTu ernie MOXKHO OTMETUTH
crarbu k. Baca [5] u Ix.JIxx. Berankypa [6], oHn 3aHUMAINCH TUIEPIUKITIHOCTHIO
B H(C) pasiamdHbIX OIepaTopoB U OMEePaTOPOB CBEPTKH, aCCOIUUPYIONINX C OIEPATOPOM
Jankia.

IHeap paborbi. B nociieinee Bpemst 60JIbII0e BHUMAHUE YJIE/IA€TC U3y IEHUIO JIMHA-
MUYECKUX CBOIMCTB TaKUX KJIACCUYECKUX OIepaToOpoOB, KakK oreparop auddepeHmpona-
HUsA, onlepaTop Xap/iu, OlepaTop CJIBUTA, B BECOBLIX IPOCTPAHCTBAX IEIbIX (yHKIMI. B
qactHocTH, B [12], [13], [14] 6bIN HaliEHBI YCIOBUS THIIEPIUKIMIHOCTH OIlepaTopa Tud-
depeniupoBanns B BECOBBIX OAHAXOBBIX MPOCTPAHCTBAX IEJIBIX (DYHKIUM, 3a/[aBaeMbIX
[IPU TIOMOIIN PAJINAIBHBIX BeCOBBIX (hyHKImit. OHako, KECTKasg CTPYKTypa OaHAXOBBIX
IIPOCTPAHCTB 3aTPY/IHSAET UCC/IeI0BaHUe JTUHAMUIECKUX CBOWCTB TAKUX BAXKHBIX B IIPH-
JIOZKEHHSAX OTePATOPOB, KaK JnddepeHImaabuble OepaTopbl KOHEYHOIO U OECKOHEYHOTO
MOPsJIKA, OMEPATOPBI CBEPTKH, UTO MOOYkKIAET K UX PACCMOTPEHUIO B MPOCTPAHCTBAX C
MeHee YKECTKOI CTPYKTYpOil, HallpuMep, CYETHO-HOPMHUPOBAHHBIX MpocTpaHcTBax. mes
5TO B BUJLY, OIIPEJIEJIM BECOBOE IIPOCTPAHCTBO ., IEJBIX (DYHKIMIT KOMILIEKCHBIX IIepe-
MEHHBIX CJIEJIYIOIIM 00Pa30oM.

[Tycrs @ = {pm }2°_; — cemeiictBo BbiyKIbIX B C* dyuknuii ¢, : C* — R Takux,
a0 JuId Joboro m € N:

i) lim £ — oo

Om(2) > Pms1(2), 2 € CY
C

12

m
i) im (om(2) = omya(2)) = +00;
4) CYIIECTBYIOT TIOCTOSIHHbBIE @y, > 0 u b, > 0 Takue, 4TO

)
)
z
Z4)
Omi1(z+1) < om(2) +bmy, 2€C? teC": |t] < ap.
Hanee st kazkoro m € N ornpejiesmm pocTpancTBO

T ={f €H(C"), f:C" —C: pu(f) =sup(|f(z)|e " ®)) < o0},

zeCn
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Ouesnjino, %, — banaxopo mpocrpancTBo. OTMerumM, 4To Ay Beex m € N BIIoKeHUs

Fm+1 C P, HENIPEPBIBHBL B CHJY YCJIOBUS i5), & BBUJLY YCJIOBHS i3) OHU BIIOJIHE HEIIpe-
[e.e]

poBubL. [losmoxxum F, = (| ;. C OOBIYHBIMU OLEPAIUSME CJIOKEHHS JIEMEHTOB 1
m=1
UX YMHOYKEHHUs Ha KOMILJIEKCHBIE IHCIIa %, 00pasyeT JmHeitHoe mpocTpancTBo. CHabauM

€ro TOIOJIOrnell IPOEKTUBHOI'O IIpejiesia IIPOCTPAHCTB % ,,. Tomoorus mpocTpaHcTBa %,

TaKKe MOXKET ObITh olrpejesieHa ¢ IIOMOIIbIO METPUKU

- pm(f1 = f2)
1+ pu(fi— fo)

By,ﬂy‘{I/I IIPOEKTHUBHLIM IIPpEIeJIOM KOMIIaKTHOI I10CJI€10BaTE/IbHOCTH OaHaAXOBBIX IIpo-

p(fi, f2) =

crpaHcTB F,,, F, — npocrpancrso Ppeme-IIBapra. B cuty ycinosus i4) IpocTpaHCcTBO
F,, HTHBAPHAHTHO OTHOCHTENIBHO quddepennuposanus (cm. Jlemma 5). Taxaxe npocrpan-
CTBO #,, BJIAETCH MHBAPHAHTHBIM OTHOCHTEJIBHO ciBura (cM. Teopewma 4).

OtrmMeruM, 9TO IPOCTPAHCTBA BHJA F, B CBA3H C PA3JIMYHBIMU 3a/1a9aMI KOMILIEKC-
HOTO aHAJIN3a BCTPEYAINCh B paboTax MHOTHX MaTeMaTHKoB [15]-[22].

[esnp nannO#l paboTHl — H3yUeHHE 3aJa4d O IUIEPIUKINIHOCTH B %, OLEPaTOpa
i depeHIMpoBains U JIMHEHHBIX HEMPEPbIBHBIX OIEPATOPOB, KOMMYTHPYIONIUX C (-
bepeHIpoBaHEM, a TaK¥XKe MPU JOMOJTHUTEIbHBIX TPEJIIIOIOKEHIAX O CeMeliCTBe ¢ 3a-
JIa9u O THIEPIUKIMIHOCTH OIIEPATOPOB CABUTA M CBEPTKU.

Cureyionuye yTBep:KAeHUs BayKHbI JJIg BCEl TEOPUH THIEPIUKIMIECKUX OIIEPATOPOB.

Teopema A (Teopema Topmedpya-Illanupo [9]). Ilycrs T @ X — X —
JINHEHHBIA HeNpepbIBHBIA omeparop B cemapabenbHoMm mpocrpancTtBe @perre X, moj-
npocrpanctBa Xy = Lin{z € X Tx = X, A € C" |\ < 1} =m
Yo = Lin{z € X : Tz = Xz, A € C*, |A\| > 1} mwiorust B X, Ttorga T — rumep-
[UKJIMIECKHUiT orepaTop.

Teopema B (Teopema Kwurau-T'edbuepa-IIlanupo [10]). IIycte X — cenapa-
6eproe mpoctpancTBo Ppermie u T 0 X — X — JMHEHHBIN HeNPEepBIBHLINA OMEPaTOP.
ITycrs Xo, Yy — mwiorHble nmogMuOXKecTBa X U HOC/IEI0BATEILHOCTD (Sk) e, oTobpazke-
uuit Sy, : Yy — X TakoBbl, 4TO:

1) T* — 0 morogeuno na X pu k — 00;

2) Sk — 0 norovevno Ha Yy npu k — o0;

3) TS, = I na Y. Torga oneparop T’ aBjigeTcs MUIEPITKITIECKIM.

O6o3navenusi. [na touek u = (uy,...,u,), v = (vi,...,v,) u3 C" ompene-
M (u,v) = ugvy + -+ + UyUp, ||ul| — eBrimmosa mopma B C". lng mysabruungexca
a = (a1,...,00) € Z m TOEK 2 = (21,...,%,) € C" nomaraem |a| = a; + ... + oy,
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o _ 0 s a __ alel a
D; = 920 = 1,...n, DY = ErEw Ecim npocrpancrso %, uHBapuaHTHO OTHOCH-

TeJILHO CJIBUTA, TO i jroboro a € C" gepes T, obo3HagaeM OIEpaTop CIBUTa Ha BEKTOP
or .
aB P, 1oects 1, : f e F,— f(z+a).
s upom3BosibHONM — BemmecTBeHHO3Ha4HOW — dyHkmmu ¢ B C"  Takoii,
p(2)
Izl =400 || 2]|

o(z) = sup(Re(z,t) — ¢(t)), z € C". B nameii pabore u3 ycaoBHus i1) CJIEIyeT,
t (Cn
410 nx npeobpasopanus HOura-Denxens @,,(z) orpanndenst Bo Becem C™.

9TO

+00, ompenenuMm — npeobpazoBanue  FOura-Penxess

OCHOBHAS YACTDH
B manpmeiinmem maM moHAI00ATCS cJleIyIonne YTBEP2KJIEeHNT:
ﬂeMMa 1. HO./LUHOMbL nAOMHSBL 6 ﬁg@.

Aoxasamenvcmeo. Ilycrs f € Z,. BospMmém nponsposbHoe umcso € > 0. YTBepkK/IicHue
OyJeT JI0OKa3aHO, €CJIM MOKaXKeM, UTO JIjIs IPOU3BOJIBHO B3dTOr0 uncia € > 0 Haiiaércs

nosmaoM P takoii, uro p(f, P) < €. Tenepsb BoibGepem Harypasbtoe uncio N = N(g) Tax,
oo

9To0Bl Y 2}” < 5. Hanee ormernm, uTo g moboro m € N

m=N+1

|€J;(n—2)|—>0,z—>oo. (1)

JleficTBUTEILHO, OIEHUM BBIDAKEHHE B BUJIE

f(z f(z ) —pm(z )=z
L1 D et gt

Orcrofa u u3 ycsosus i3) Berrekaer (1). B cury ycranosiennoro daxra MOXKHO BOC-
nosib30BaThest Teopemoit 4 u3 [17], corsacHo KOTOPO# IOMHOMBL Oy/LyT IVIOTHDBI B KA2KJOM

F . SHAUUT, MOKHO 1000paTh nomunoM P rax, uro py(f — P) < 5. Torma yunresas,
w10 pi(f = P) < palf — P) < -+ < py(f — P) < 5, noayumn, wro p(f,P) <= O

[TockoJIbKYy W3 HHX MOXKHO BBIOpATh HEKOTOPOE IOJMHOYKECTBO IIOJTMHOMOB C palli-
OHAJILHBIME KO3 PUIMEHTaAMU, TO OHO 0Opa3yeT CYeTHOE BCIOJY ILIOTHOE MHOXKECTBO B

IPOCTPAHCTBE F .
Jlemma 2. IIpocmpancmeo F, cenapabenvro.

B cuiy ycnoeust i) dyuknus f, 1 A € C" — e upunagyexur F, 1s 106010
z € C". [osromy Beromy B C" KoppekTHo onpegesena dynkuus S(z) := Sy(e), z € C",
KOTOPYIO Ha3bIBaeM mpeobOpazoBanneM Jlammaca GpyHKImoHaga S.

Jlajee ipuBejieM CJIeJIyIONIIe JIeMMBbI:
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Jlemma 3. IIycmv S — aunetinoud nenpepoisoill gyrryuonan ma F,. Tozda dymxyus
S(2) = (8¢, e yeaan 6 C*, npuuém das a06ozo o € Z% 6uin0oANACTNCA PABEHCMEO
D2S(z) = Se(£%e&?), z € C™.

Jloxazamenvcmeo. Sadukcupyem npoussosbHyio Touky 1 € C". Ilokaxkem, 1To GyHKIHS
S amanmrnuna B Touke 7. Jagee st Beex z w3 mapa ||z — || < 1 B C" onpegemnm
dbynxmmo g.(€) = e — e — (¢, 2 —p)elm, ¢ e C.

Orciona caepyer nepasenctso |ge (A)| < (1+|A|+|A|?)|¢ —z]2eR° 2. Bmecre ¢ yenosuem
iy) sra dbopmyra gaer onenky pm(ge) < C||¢ — z||?, tme C — HexoTopas mocTosHHASL
Orcroma B cuity HempepbIBHOCTH QyHKIHOHATA S nosyanM, 910 S(g.) = o(||z — n||) npn
z = .

[Tosb3ysich JIMHEHHOCTBIO S, NMeeM

~

S(2) = S(n) = Se(e®™) = Se(e®) = Se((€, 2 = m)e'™) + Se(g.(€)) = (2)

= ZS§(SJ'€<§7”>)(ZJ’ —n;) +ollz=nl), z—n.
j=1

Orcroza 110 OIpeIeIeHIo AaHATUTUIHOCTH oIy duM, 910 S(2z) — rosomopdHas HyHK-

0 () = el6r n -
Iyt B TOUKe 1) U 5.5 (2) = Se(&;el5#)), 2 € C™. TlockoMbKy 1) — HPOM3BOJIBHAS TOUKA B
C", to S(z) anamuruuna Bo Beem C", 3HaunT, oHa sipjsiercd 1enoit dyukuueir. Torga npu

BCeX (v € 7"} BBINOJIHSAETCH PABEHCTBO DeS(z) = Se(€2els)), 2 € Cm. O

Jlemma 4. Ecau Q) € C" — omxpuimoe Henycmoe MHOHCECTME0, MO CUCTIEMA IKCTLOHEHM,
{6<5’Z>}ZEQ npu purcuposarrom wucae & € C" noana 6 npocmpancmee .

Zloxazameavcmeo. llpumenum Teopemy Xana-bBanaxa o HEIIPpepbIBHOM ITPOJIOJIZKEHUU JIU-
Heiinoro yHKIMoOHAIA. Bo3bMeM TPOU3BOJIbHBIN JIHHEHHBII HENIPEPBIBHBIN (DYHKITNOHA
S € F; rakoit, uaro Se(el&*)) = 0 nua Beex z € Q. Hyxno nokasars, uro S — mynesoii
dyHKITMOHAT.

Ilo Jlemme 3 S (2) = (Se, e$®) — menas bynxmus B npocrpancrse C*, oTOMY TIO
TeopeMe eJUHCTBEHHOCTH Sf(e<5’z>) = 0 mna Beex z € C". Ilockosbky B cmity Jlemmer 3
npu Beex o € Z% n z € C" cnpaseamuBa hopmyna D2S(z) = Se(€2ef$*)), To momyanm
D2S(z) = Se(€%e&*)) = 0. Buaunt, npu Beex o € Z" pumosmgeres S¢(£) = 0.

Torga s 061X nosmHOMOB p(2) € F, S(p) = 0. BBUY IJIOTHOCTH HOJIMHOMOB IIO
Jlemme 1 B %, nns Beex f € %, somonuserca S(f) = 0, nosromy S — HyseBoit QyHKIH-
onas. ClieoBaTeIbHoO, CuCTeMa 3KCIOHeHT {e'$*'},cq npu dukcnposamnom ¢ € C" mosma
B F,. OJ

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



O 2unepuurAuUMECKUT ONEPAMOPAT 68 B8ECOBBLL NPOCTMPAHCMBAT ULABT PYHKUUT 93

B cuny Jlemmbr 4 sobyro dbyHKIUO B %, MOXKHO IPHOJIU3UTH HEKOTOPOIl CyMMOil
bynxmuit u3 {4}, cq. Mockoabky mobyio byHKIHIO 13 F, MOYKHO HpI/I6.HI/I3I/ITb HEKO-
topoit dynkuueit uz Lin{e$*},cq, To Muokectso Lin X miorno B .Z,. Ecm Q € C* —
OTKPBITOE HEITyCTOe MHOYKECTBO, TO JIMHelHasA 060JI09Ka cHcTeMbl SKcronenT Lin{e'$#} cq
upu dbukcuposanHoM uucite § € C" mioTHA B IpocTpaHCTBE F\).

/lasee mokazkeM, 4TO oneparop JacTHOro JuddepeHIupoBaHns HElIPEPbIBEH B F,.

aFT 0
Jlemma 5. B npocmpancmee F, onepamop wacmmnozo dupdeperyuposarus B 20e

Jj=1,...,n, nenpepuieen u omobpasrcaem ezo 6 .
oA
Jloxasamenvcmeo. Bosbmem HekoTopyio dynknuio f € F,. B cuiy anaauTmaHOCTH
dyuxiuu f yrobas ee dacTHas TPOU3BOJIHAS aHAJUTUIHA, TTOITOMY % f € H(C"). Uc-
J

OJIb3ys MHTerpaabHyo hopmysy Kormm, moyryanm paBeHCTBO

0 1 / [, 6n) déy ... dE,
(&1 —21)

8_2]' (Z> = (27Ti)n . (gj—l _ Zj—l)(fj — Zj)Q(fj—i—l - Zj+1) L (§n — Zn)a
(3)

rae Rurj, j=1,...,n — 1nojoKnuTeJbHble KOHCTAHTBI, 2 — (PUKCHpPOBaHHAsg TOYKa U3

z

HekoToporo orpamndentoro mapa B(0, R) = {z € C" : |z;| < R, j € {1;n}}, a§ — Touka
u3 rpanuns! nomukpyra I, = {{ = (&,..., &)+ [§ — 2| =71, r; >0, j € {1;n}}.

Jajee BBeseMm obosnadenus ki = jgﬁxx {r;}, ke = ér{llm}{rj} u u3 (3) HaiijileM OIEHKY
CBEPXY:

(R+7m1)...(R+ 1) max | £(€)] < max | f(&)]. (4)

‘8,2] ’ ri.. .rj_lrjzer ... Ty E€TL, k:;‘Jrl £ell,

ompejieileHuss  HOPMBI  Jiist  gioboro m € N nomyumm  dopmyiry
|f<2)| S perl(f)eSOerl(z).

B cuty iq) pu BCeX m € N TIOJTY IUM OTIEHKY
sup, ((exp(mane ¢ons1(6)) exp(—pn(2)) ) < exp ( sp (Prnia(2) — om(2))) < e
zeCn z 2eCn

Beraucimm ¢ nomorpio (4) HOpMy JeficTBEsI ollepaTopa

(1) < Ee i) sup (explaomn () exp(—n(2) <

8zj zeCn

e (R + k)"
< %pmﬁ-l(f) = Crpms1(f) < o0.
2

Takum obpazom, onepaTrop 8%]_ nefictByer u3 F,, 11 B F,, A a00bix m € N, 3HAYNT, OH

HEIPEPBIBEH U % D Fo— Fo e j=1,...,n. 0J
J

Jlamee mpuBeIeM YTBEPKIECHUS O TUIEPIUKIHNIHOCTH [JTs TudDepeHInaIbHbIX OIre-

paToOpOB U OllepaToOpa CJABHUTA.
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9 A. U. Paxumosa

Teopema 1. B npocmpancmese %, onepamop wacmmnozo dugpeperyuposanus T = 5>
J

das mobozo j =1,...,n eunepyurauyeckuti u e2o 0bpas sescum 6 F,.

Jloxazamesvcmeo. Boiiiie ObLIO TTOKa3aHO, YTO oreparop 1 JUHENHHBI U HelPEePbIBHDII.
JlokazkeM ero rumnepruk/JIndHOCThb ¢ MoMoIbio Teopembl ['eduepa-Illanupo.
Oynkima e g Beex 2, € € C" npuHaIEKHUT  TPOCTPAHCTBY

F,, TaKk KaKk OHa Iejasg " JJig BCeX m € N  BoIIoIHsSIETCA — OIEHKA

() = exp (sup (Re {6, 2) = o(€))) = ) < ox,

V) — O A o—(EA) —
Bbrumc/ium XapakTepucTuieckyio dbyHkiuio oneparopa: 1'(\) = a_gj(e<£ Ne &N =\,
Beegem muoxkecra Wy = {z € C": |z;| <1} u Wy = {2z € C": |z| > 1}, muoxecTBa
W1 u Wy orkpoiThie u HemycTsle. Onpeesnm juneiinbie obotoukn X = Lin{e©*},qp,
nYy= Lin{e<§7z>}z€W2, torga 1o Jlemme 4 muoxecrsa Xo u Y IVIOTHBI B F,. 3aMeTuM,
aro Toukm z pukcnpoBanubie u3 C", a omeparop 1" neiictByer 1o £.
JleiictBue omeparopa Ha 3KcimoHeHTy st Bcex kK € N m z € C" umeer Bup

TF(el&2)) = z]’?e<5’z>. Torna npu dpurcupoBannom z € Wi u ynobsix m € N Bepna dopmyiia:
pulTHEE) =[5 exp (sup (Re (6. = () = |5 <o (5)
E n

Buaunt, u3 Toro, uro e&? € F,, nna seex k € N nomyuaerca TH(e$2)) € Z,,.

Jns Beex z € Wy B cuny |2;] < 1 caenyer TF(el&#) — 0 B #,. Beumy noiHoTsl
—00

vmoxectBa {e&% )y, mo Jlenme 4 aia mobeix f € Xy BoiTekaet, aro TF(f) — 0B
—00
o
Z,.
s rouek z € Wy onpenestum fytst mpousBosibioro k € N orobpazkenue Sy, @ Yy — %,
(6:2)
(@()""

Pu(Su(el®) = =11 exp (sup (Re(e,2) — pn(@))) = |zl "5 <0 (6)

TaKUM, YTO Sk(e(s"z)) = [TosTomy 1ipu Bcex m € N BBINOJIHSIETCsT COOTHOIIEHUE:

Torya ipu z € Wo 1o yeosmio |zj| > 1 nomyumm Sy (el&#) — 0 B #,. U3 nos-
— 00
noter cucremsr {62} cw, ma mobeix f € Yy caemyer, uto Si(f) — 0 B #,. Takxe
—00

saMeTuM, uTo npu Beex k € N cupasenymso pasenctso TSy (f) = f. Takum obpasoM, Bee
TpeboBanust Teopembl B Boimosnensl. CrieoBaTesibHO, onepaTop 1 rUnepiuKInIecKuii B

HPOCTPAHCTBE F . O

Teopema 2. IIycmwv 6 npocmparcmee F, 3a0ar HEKOMOPOLLTL NOAUHOM C NOCTNOAHHOIMU

kooppuyuenmamu P(z) = > co2®, z € C", omauunoii om xorcmarmol. Tozda
a€Zl: |al<m

onepamop T : f € F, — > ca D2 f eunepyursuveckuti 6 F,.
a€Zl: |a|l<m
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Loxaszameavcmeo. OueBuano, omeparop 1 ymHeitHbIH. [lokaxkeMm ero HempepbIBHOCTS.
o
Bosbmem mpoussosbnyio dynkimio f € F,. Yacraple npoussojuble GyHKnuu fa

IIPOU3BOJIBHOI'O MYJIbTUNH/IEKCA (X B CUJIy €I'0 I‘OJIOMOpCbHOCTI/I B C™ moxHO IpeacTaBuUTb

B BUJIE
(D)) = -2 SO & )
? (2ma)" (& — 2)*t
O.={¢: |§;—24|=rj, rj>0, je{l;n}}
rie Rurj, j=1,...,n — HOJOXKUTEIbHBbIE KOHCTAHTDI, 2 — (PUKCHPOBAHHAS TOUYKA U3

HexoToporo orpamndentoro mapa B(0,R) = {z € C" : |z;| < R, j € {1;n}}, a{ — Touka
u3 rpanune! nomukpyra 1, = {{ = (&,.... &) [§ — 2| =7, r; >0, j € {1;n}}.
Beegem obosnavenust k; = max {r;} u ks = min {r;}. Hdanee uz dbopmyssr (7)

je{tin} je{lin}
HalijieM OIIEHKY CBepXy

o Oé'(R+l€1)n
1D f(2)] < W?é%f‘f(@‘ (8)
Torga B cuity (8) mosrydaercs OIeHKa
N B n al
Tf(2)] < ||Z< |cal[D*f(2)] = (R + k1) g%ﬁf(ﬁ)!'; |CQIW- (9)

3 ompenenennst nopmbl mpu Becex m € N m z € C" BepHO HepaBEHCTBO
1£(2)] < pry1(f)e?+13). Boramennm, ncrmonbsys dopmyny (9), HopMmy jeficTBIsT orte-
paropa

a!
Pn(Tf) < (R+ k)" Prmsa (f) sup <exp<?é%§90m+l(€)) eXP(—SOm(Z))> > Jeal o

la+1°
ZE(C” ‘Oélgm k2

(10)

[To ycmoButo i4) mipu Becex m € N crpaBeyinBo COOTHOIIEHIE

sup ((exp (max011(9) 5D (—(2)) ) < exp (1D (11 (2) () < e = o < 0.
zeCn ¢ell, zeCn
B cuny orpanmuennoctu uncsa m € N BbIIOJIHSIETCA HEPABEHCTBO

ol m+ 1)"m! ~
S fealpy < P ) = & < oo
ky T la]<m

laj<m

k'za‘ﬂ pu ko < 1,
e 7 =
k‘g IIpu kQ > 1.

Orciona cenyer, uro Hopma u3 dpopmysst (10) KoHeuHast:

(T f) < mom(R+ k1) ps1 (f) = Conprsa (f) < 00,
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Bnaunt, g Beex [ € F, dynkmun T f nexar B F,. Takum 06pasom, paccMaTpuBa-
eMblit onieparop 1 inHelHbI 1 HenpepbIBHBIA. Jlokaxkem ¢ momorbio Teopembl ['edprepa-
[[Tampo, 9T0 OH IUIEPIUKINIECKHIA.

B Teopeme 1 nokazano, aro e'&* mpn Beex z, £ € C" npuHaIeKUT F,. Boraucinm
XapaxTepucTIieckyio dyakmmo oneparopa: T(A) = 30 ¢ A* = ®(N\).

al<m

Beegem muoxkectBa Wy = {z € C": |®(2)] < 1}‘ I/|I_W2 ={ze€C": |P(2)] > 1}. Ilo
ycstoBuio Teopembl P(z) — He paBHBI KOHCTaHTe morHOM, Toraa Wi u Wy OTKpBITHIE 1
nemycroie. Onupeeny mmneiinbie o6onoukn Xo = Lin{e!$? } ., u Yy = Lin{e©?}.cp,,
no Jlemme 4 muoxecrBa X, Yy mI0THBI B Z,. 3aMETHM, UTO TOYKH 2 (DHKCHPOBAHHBIC
u3 C", a oneparop 1" neiicTByeT 110 £.

JleitctBue omepatopa Ha 3KcrmoHeHTy i Becex kK € N m 2z € C" umeer Buj
TF(e&?)) = (D(2))"e&). Torma upn snavenusx z € Wy u moGoix m € N sepua dbop-
MyJIa

Pu(THEE) = [2())" sup (|e©7]e™e @) = @ ()™ <o (11)

Buaunt, u3 Toro, uro e € F,, 1 Beex k € N cienyer TF(e&2) € Fop.
s Beex z € Wy us yemosuii [B(2)] < 1 u THe&2) = (B(2))* e porrexaer

TF(el&?) — 0 B %,. Beuay nommorsr MuOmecTBa {e&%}, oy, mo Jlemme 4 cremyer,
—00

aro jyia mobbix f € Xo TF(f) — 0B .Z,.
—00

s rouek z € Wy onpenenum Jyist Beex k € N orobpaxenne Sy @ Yy — F, Takum,

(€.2)
aro Sy (el6?)) = (; o Bnaunt, g5 moobix m € N mosrygaercs cOOTHOIIEHUE

Pu(Sk(e) = B exp  sup (Re (€, 2) ~ pnl€))) = [0(:) e <00, (12)

£(6:2)

(@(2))"

Sk(ele2)) — 0 B F,. Vs nomorbt cucremsr {7} cyp, ciemyer, 4to st JTO6bBIX
—00

Torna mpu z € Wy, B cury |®(2)] > 1 u Sp(el®?) = BBIIIOJTHSIETCS

f e Yy Se(f) — 0 B #,. Takxe qa moboro k € N cupaseninBo paBeHCTBO
—00

T*Sy(f) = f. Cnenosarenbho, Bce TpeboBanusa TeopeMbl B Boimosmenst. Oneparop 11

I'UIEPIUKINIECKHI B IPOCTPAHCTBE F,,. 0

Teopema 3. [Tyemv ®(z) = D oz — HEnocmosHHAA Ueaas PYHKUUL 6 npo-
a€Z: |al>0

cmpancmee F,, mozda onpedeaum onepamop T : f € F, M > caDYf. Tozda

a€Zl: |al>0
ecau ®(z) — Pynryusa sxcnonenyuasvbrozo muna, mo onepamop T zunepyuksuveckud 6

Z,.
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Joxazameavcmeo. Jlerko ybeantnbes, 4To oneparop 1’ JMHEHHBIN, Telepb MPOBEPUM €ro
HenpepbIBHOCTEL. BozbMeM npoussosbnyio dynkimio f € %,. Beejem obo3nadenns njieH-
tuaao Teopeme 2. Kak ObL10 10Ka3aHO B JIOKA3aTEIbCTBE TeOpeMbI 2, 1718 TIPOU3BOJIHBIX
npu moobIX o € Z} n z € C" BRIIOIHACTCA HEPABEHCTBO

Oé'(R-'-kl)
W?&%ﬂﬂ )l

IDEf(2)] <
astee ornienuMm seiicTBue oneparopa Ha (OYHKIHIO:
ITIE) < D7 leal D f(2)] < (B + ka)" max [ F(€)] D leal o W

la|>0 |ae|>0
ITo ompenenennto mopmer js jobeix z € C" mw m € N nosydaercss oleHKa
1f(2)| € pmsr(f)efm 1) Tlo yenosmo i4) mpu Beex m € N cHpaBeyInBO COOTHONTCHHE
su(cp (exp (max Om+1(€)) exp (—gom(z))> < exp ( su(cp (Pmt1(2)—pm(2))) < e = ¢, < 00.
zeCm zeCn

Boraucinm JIJIsT IPOU3BOJIBHBIX T & N ero HOPMBI:

() <GB+ k) P (F) D leal oy |a\+1 (13)
|a|>0
st HerrpepbiBHOCTH omteparopa 1 : @ — J B cty (13) HeoGXOMMO BhITIOJTHEHHE
yCJIOBUS
cm(R+ k)" a!
m(Tf) < ——————pms1(f) Z arlcal < oo
Ko k‘ |
|| >0
ETn(R—&-lﬁ)"

HOCKOHbe BEJINTINHBI U Pmy1(f) KOHEUHBIE, TO TPEOYeTCs CXOAMMOCTH Psijia

> k‘(’l |co|. Haiigem yCJIOBI/Ie I KO3 PUIMEHTOB Co, IPU KOTOPOM JaHHAsA CyMMa, KO-
|| >0
He4dHad.

HpI/IMeHI/IM JJIgd 9TOT'0 IPpU3HaK CpaBHEHU . B kauecTse MazKOpPpaHTbl BOBbMEM CTEIICH-

o 1
HOU DA b Z W’ rjae p — IPOM3BOJBHOE YHUCJIO TaKOe, 4TO p > N, a b— HEKOTOPaAd

|al
IIOJIOZKUTEJIbHaA ITIOCTOAHHAAI. TOI‘,Z[& Ipu BCeX < ZJF JOJIZKHO BBITIOJITHATBHCA YCJIOBUE

k'a‘ lca| < W' Orciona s K09(DPUIMEHTOB ¢ IPH BCeX o € Z!} IOIyduM TaKoe
Tpe6OBaH1/1e.
b k)
Co| < ——=E2——. 14
ol = QT ol 717 -

Canenosarenbio, BBy dopmysibl (14) s dyukiun $(z) moayyaercs oneHka

(ka2 |Z|
|a 2 72|
|<§ lcal |7] <b§ o |a|+1 <b§ = be™?!,

|a|>0 |a|>0 |a|>0
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o8 A. U. Paxumosa

1 mpumky <1,
e 7 =
k’g IIpu ]{32 > 1.

Taxum 06pa3oM, JJisi HEIPEePBIBHOCTH oliepaTropa T HeoOXOIUMO BBIIIOJIHEHHAE YCIOBUS
(14), To ectb ®(z) mosKHA OBITH (DYHKIMENH SKCIIOHEHIIMATLHOTO THIIA.

Hanee Bcrogy mosmaraem, aro dbyskims $(z) sxcrnonennuaabaoro tuma. Torma pac-
cMaTpuBaeMblit orieparop 1 TUHENRHBIA 1 HenpepbIBHBI. /loKaXKeM, 4T0 OH TUIEPIUKIH-
gecknii. [ 9Toro B jmambHelineM Bocrobsyemcs Teopemoii [edprepa-Ilanupo.

B Teopeme 1 6b110 mokazano, ato dbyukmus &% npn Beex z, £ € C" npUHAIIEKAT
F.,. Borauesmm xapakrepuctaaeckyro dymkimio onepatopa: T(A) = 3 ¢\ = ®(N).

lor| >0
Beegem mmoxecrsa Wy = {z € C" : |®(2)| < 1} u Wy = {z € C" : |D(2)| > 1}.
[Tockombky ®(2) — menas dynknus, mo masoii Teopeme [lukapa ona mpuauMaer Bee

snadenust u3 C", Kpome, MOXKeT OBITh, OJIHOW BEeJIUIHHBI, T09TOMY W1 1 Wy OTKpBITBIE 1
HEITyCThIE.

Omnpenemam muozkectBa Xo = Lin{e!$® }. ey, Yo = Lin{e®* ), cw,, mo Jlemme 4 Xy u
Y( mwiorHbI B %, 3aMeTnM, 4To TOUKH 2 ¢uxcuposannele u3 C", a omeparop geiicTByer
1o €.

Torma mia smoboro m € N nonydgaerca dpopmyrna

P(TH(ef4?)) = |®(2)|" exp ( sup (Re (€, 2) — @m(g))> — 10 (2)[fePn ) < oo,
£eCn

Buaunt, u3 Toro, 4o &% € F,, crenyer TF(el&2)) € Fop.
Jlnst Beex z € W, BeImosasterca yenosme TF(el6#) — 0 B .Z,, tak Kak |P(z)| < 1
—00

u TH(el&2) = (B(2))"e62) . U3 mommorsr cucremsr {2} ey, no Jlemme 4 BhITeKaeT, UTo
st mobbix f € Xo TH(f) — 0B Z,.
—00

st Touek z € Wy onpenesum npu jmobeix k € N orobpaskenue Sy : Yy — F, Takum,

(€,2)
9T0 Sk(e<f7z>) = (2 OF Buaunt, 1751 BceX m € N BBIIOJTHIETCST COOTHOIIEHNE

Pa(SH(E©) = [P exp (sup (Re (€, 2) — pnl6))) = () e < o0

Torma S(ef&?)) — 0 B Z,, nockosbky |®(2)] > 1 u Si(el&?) = (g(&’;;k.
—00 z

nosmorsl Muozkectsa, {62} cw, caenyer, uro maa mobbix f € Yy Sp(f) — 0B
—00

B cuny

ZF,. Taxxke s moboro k € N cnpasesuso pasencrso T%Sy(f) = f. Takum o6paszom,

BBITIOJTHEHBI BCe ycjioBus TeopeMmbl B. Omeparop T’ rumnepnuk/JIndecKuii B MPOCTPAHCTBE
o
Fo. (]
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/lastee paccMoTpHM CBOMCTBa ollepaTopa CIBHIA B IIPOCTpaHCTBe Z,. U3 ciemytomieit

TEOPEMBI M0JTy4aeTCd NHBAPHAHTHOCTD %, OTHOCUTEIBHO C/IBUTA.

Teopema 4. B npocmpancmee F, onpedesum onepamop cdsuza T, 6 6ude
T, : f(z) € Z, — f(z+a), 2de a € C", npuvem a # (0,0,...,0,0). Tozda T, 2u-
nepyurauveckul 6 F,.

Jloxazamenvcmeo. Oneparop T JIMHEHHDII, TIOKazKEM €10 HEPEPBIBHOCTEL. BO3bMeM HEKO-
topyto dyuknuio f € %,, noxkaxem, aro 1'f € F,. [eiicrsue oneparopa k € N pas na
bynxmuto nveer sug TFf(2) = f(z + ka).

Hdnsa Becex z € C" mw m € N us omnpeieneHnsi HOPMBI CJIEIYET OIEHKA
1f(z+ a)| < prii(f)e?=+1E+9) B cuy ycnopus i4) MOMKHO HAfTH KOHEWHOE HHCIIO Cpy,

JTst KOTOPOTO SUp (Pmt1(2 + @) — o (2)) < ¢, Torma nmomyuaercst HepaBeHCTBO
zeCn

Tf(2)=1f(z+a) < pmH(f)e‘Pm“(”“) VzeC", VmeN. (15)

Boraucaum jiura npoun3BoibHBIX m € N IMOJIyHOPMBI JefiCTBUS OllepaTopa:

P T f) < pmra(f) exp ( Sup (om+1(z+a) - %(Z))) < € Pmi1(f) = CmPm+1(f) < o0
zeCn
(16)

Crenosaresbno, oneparop 1’ Henpepsisen B .%,. Ilo Teopeme B nokazkem ero rumep-
[UKJITIHOCTb.

B cuiy Teopemsr 1 st Beex z, € € C™ ef6%) ¢ F,. OnpeiesnM XapaKTepUCTHIECKY IO
dbyuxmmo oneparopa T(\) = e!*V | rorma momyunm |T'(2)| = eR¢ (=) Bpenen muoxecrsa
Wi={zeC": [T(2)| <1} uW, ={zeC": |T(2)| > 1}. Oyukuus T(z) nenas,
o MaJioii Teopeme [Inkapa oHa IpuHUMaeT BCe 3HAYEHHUS B IPOCTPAHCTBE, KPOME, MOYKET
ObITh, omHON BemauHbl. CiaemnoBarenbro, Wi n Wy orkpbiThie u HemycTbie. O603HATIM
Xo = Lin{e$?} e, u Yy = Lin{e®*} .y, mo Jlennve 4 mmoxecrsa X u Yy IIIOTHBI B
F

-

Hng mobeix kK € N m Becex z € C" JeiictBue omeparopa HUMeeT BUJL
Tf(e@’z)) = a2 el Torna maa moboro m € N npu buUKCHPOBAHHONE TOUKE 2z IO
JiyqaeTcs (bopMmyJia

Pl TH(e) = e  exp ((sup (Re (€, 2) = pn(€)) ) = R0 < oo,
£eCn

Buauurt, u3 Toro, uro '&* € F,, cienyer, uro TF(e'$*)) € Z,.

Jist rouex z € Wy w3 yenosus |T(2)| < 1 nomyuaercs suipakenue T%(e(62)) — 0B
—00

F,. V13 10JIHOTBI MHOXKECTBA ~{(3<5’Z>}Z€W1 o Jlemme 4 BbITEKaeT, UTo Jy1d JI00bIX f € X
k g
— 00
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IIpu ycnosuu z € W, onpenenum ais moboro k € N orobpazkenne Sy, @ Yy — .,
o —k
TakuM, uTo Sp(el6?)) = e Ha2)el&2) = (T(2)) "el&?). Buaunr, mia moboro m € N cupa-
BE/IJINBO PABEHCTBO

P (51(e67) = e exp ((sup (Re (6.2) = 9n(€)) ) = e HR0eP) < o,
geCn

Torna B cuy |T(2)| > 1 cnenyer, uro Sy (elé?) — 0 B .%,. BBuny nonHoTs! cucremsl
—00
{e62)} cw, momyunm, uro gaa mobeix f € Yy Si(f) — 0B .Z,.
—s00

Taxxe s moboro k € N pomonmsercs pasenctso T5S,(f) = f. Bee ycnosus Teope-
Mbl B Beinostaenst. CrieoBaTe/ibHO, onepaTop ¢aBura 1’ runepruk/JndecKuil B IpoCTpaH-

crBe F,. O

[IpuBesiem ciejtyroniee yTBEpK/IeHAE JJIsi KOMMYTUPYIOMNX ¢ JuddepeHInpoBaHIeM
OIIepaToOpOB.

Teopema 5. ITycmo aunetinvti nenpepovienoidl onepamop T 6 npocmpancmee F, KoM-
MYMUPYEM, ¢ oNnepamopamy, 4acmmozo Jup@depenuuposanui u ne AGAAEMCA CKANAPHBIM
Kpammuim mootcdecmeeniozo omobpascerun. Toeda T — sunepuyursuveckuti onepamop 6
Fop.

Joxasameavcmeo. Ormerum, uro g smoboro z € C" dyukmma f.(€) = &2

HPUHAJIEXKUT %, IOCKOJbKY MpH KaxkjaoM m € Ny ero HOpPMbI KOHEUYHBIE:

©

pm(f2) = exp (ésu(cp (Re (&, 2) — gpm(g))> = e9m(?) < 0o. TTostomy Ha C" x C" KOPPEKTHO
E n

onpenenena, byt Fr(€, z) = T(£)(€).
Tak kak T" KOMMyTHUpPYeT C ollepaTopaMH YacTHOIO JudepeHIIupOBaHNs, TO CIIPa-

BEJJINBO PaBE€HCTBO

D]§Tf(fz) :Tngg(fz) = ZjTg(fz), A (Cn, j = 1,...,n. (17)
Orcrona HOJIY IAM cucreMy ypaBHEeHUit B YACTHBIX IPOM3BOIHBIX:
%TE( f:) = zT«(f.), j = 1,...,n. CrenoBarenbno, nckomas (GYHKIHUS HMeeT

st T;(f.) = e“@els?) = ap(2)el&?). U3 nocmemneit GopMyIBI BBITEKAET, 4TO CYMECTBYET

dbyukius ar(z) € C" rakas, 110

Te(f:) = ar(2)f-. (18)

TaxuM 06pa3oM, IPH TPOU3BOIBHBIX 2, & € C" momyunm Fr(€,2) = arp(2)eld?. Ba-
MeTuM, 9To Fp 110 € gaBisgercd nenoit dpynkimeii. Jlokaxkem, 9ro Fr 10 2z TakxKe IieJias.

JleficTBuTE/IHHO, TaK KaK 1 — JUHEHHDbIN HEIIPEPBhIBHBIN (DYHKITMOHAJ HA c%pv TO IJI BCEX

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



O 2unepuuKrAUYECKUT ONEPAMOPAT 8 BECOBBLL NPOCTNPAHCTNEAT UEABIT YHKUUT 101

k € Ny maitayrea ancna ¢, > 0 m m € Ny, 119 KOTOPBIX

p(T(9) < cpmlg), g € F,. (19)

[lycts &, ¢ € C" — mupousBosbubie Touku. g soboro z € C" Takoro, 49ro
|z — ¢|| < 1, pacemorpum dymkmmo g, ((€) 1= €& — &0 — (¢ 2 — ()el&d ¢ e Cm
B cuy (19) somomnstercs [T(g.¢)(€)] < ckpm(gzc)er™®, ¢ € C*. Torma us onenku
Pm(g2c) < Cllz = ¢|)* B Jlenvwe 3, cipaBeymiBoii mpu HEKOTOPOM HOTOKHTETbHOM C) 1

JmHeitHOCTH omeparopa 1’ mosydmmM, 910 s npousBosbHoro & € C"

Fr(€,2) — Fr(£,¢) = Zngc )z —G) +o(llz =), z—¢,

vte f¢(€) = Eeap((€, 0)).

CreoBaresibHO, ist Kazkioro dukcuposanuoro € C" dyukuus Fr(€, z) rosomopd-
Ha B Touke ( Kak (pyHKIus nmepemerHHoro 2. Tak kak ( € C" Obl1a B3ATa MPOU3BOJIBHO, TO
Fr no nepemennoit z sBisiercs tiesiont dyuxnueit. OTciofga u u3 Toro, uro mo Teopeme 1
ef6?) — nenas GyHKIMA 110 2, BRITEKaeT, 9To ap — nesias Gyukims B C. TIocKoabKy 110
yCJIOBHIO otieparop 1’ He SABIgeTCs CKaJIAPHBIM KPATHBIM TOYKJICCTBEHHOTO OTOOPAXKEHUS,
TO a7 — HENOCTOAHHAA (PYHKITUSI.

OtmeruMm Terepb, uto ecyu ) HemycToe oTKpbiToe MHOX)KecTBO C", To 10 Jlemme 4
cucreMa {f.}.cq nomma B Z,. Paccmorpum muoxkectsa Wi = {2z € C"* : |ar(z)| < 1} n
Wy ={2z¢€C": |ar(z)| > 1}. Onn menycroie n orkpoirsie B C". [Iycrs X — nuneiinas
obosiouka cucreMsl { f, },ew, , Yo — amHeitHas 060s04Ka cucteMsr { f, }.ew,. MHOKecTBa X))

u Y mwiornusl B .%,. Torna muneiinsle oboouku muoxkects | J ker(T'—A)u |J ker(T—X)
[Al<1 [A|>1
wiorHsl B .%,. Takum o6pasom, Bce yciousi Teopembl A Boimosmenst, oneparop 7' —

TUIIEPIUKITICCKIA. O
N3 Teopembl 5 BHITEKAIOT CJIEIYIONINE YTBEPKICHUSI.

CuencrBue 1. IIycmo sadanv, wucaa N € N, ¢; € C u mouku o/ € C*, j =1,2,...,N.
N

Tozda onepamop T'f (2) = > ¢; f(2+a?), ne kpamnwidi moscdecmsentomy omobpasrcenuio,
j=1

aunepyurauien 6 F,.

Zoxazameavcmeo. OdeBuno, orneparop 1 KOMMYTHPYET C OllepaTopaMy IacTHOIO Jud-
depenruposanust. [Io Teopeme 4 oneparop 1, nenpepbisen B .%,. Torma jmHeiinblil orme-
paTop T KaK KOHE€4YHad CYMMa CABHUI'OB TaK2Ke ABJIACTCA HEIIPEPbIBHLIM B 9TOM IIPOCTPaH-

" T
cree. 113 Teopemer 5 ciegyer, yro T' — runeprukindeckuii B .7 ,. 0
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Caencrue 2. [Iycmo N € N u das waorcdoeo j = 1,2, ..., N zadanv wucaa c; € C, mou-
‘ , N : ,
ku @’ € C" u myavmuunderco of € Z't. Tozda onepamop Tf(z) = Y ¢;(DY f)(z + d’),

Jj=1
deticmsyrowuti 6 F, U He KPAMMHOLT MOAHCIECTNEEHHOMY, ABAALTNCA 2UNEPUUKAULECKUM.

Loxasamenvcmeo. B Teopeme 2 nokasano, 4To npu Ipou3BoJIbHOM « € Z!) oneparop D
JieficTBYeT HelpepbIBHO U3 #, B % ,. B cumy Teopemsr 4 capur T, ToxKe HelpepbIBeH B Z,.
CnenoBarebHo, omeparop 1’ HENPEpBIBHBIN KaK KOHeYHas cymMMa uxX Kommosummii. [To-
CKOJIBKY OH KOMMYTHPYET C ollepaTopaMu 4acTHOro auddepennuposanusd, To 1mo Teopeme

5 T’ rUnepryuKITyIeH B F,. OJ

Ecm A = ()\;)%2, — 3ajanHas 1ocjengoBareabHOCTh Todek A; € C", o g cemeii-
7/5=1 J ’
crBa yHKIuit ¢ npu Becex m, j € N B CHly ycJIoBusI i4) CYIIECTBYET 3aBHUCSINASA OT Hee
COBOKYIHOCTD 9uCeI ;1 (A) = Sup (@m+1(2 + Aj) — om(2)).
zeCn
CaencrBue 3. I[lycmo das cemeticmea ¢ 3adanv nocaedosamenvrocmy (d;)32, Kom-
naekcuor wucen d; u nocaedosameavnocmo A = (X;)32, mouex \; € C" maruz, wmo

A)

o
lim || = oo u Y |dj|etim ) < oo dan awbozo m € N. Onpedeaum na F, onepamop

T(f)(z) = > djf(z+ X)), 2de z € C*. Tozda T eunepyurruven 6 F,.
=1

Aoxasameavcmso. Ilycrs f € . Torna npu Bcex m € Nu z € C" BbloHAETCS OIICHKA,
lf(z + Al < Prg1 (flefm1GHN) 13 yemosus  d4)  ciemyer,  WTO
72+ M) S Prsa(FesnE i

Ero mopma mmeer ciemyrontuit BuI:

pin(Tf) = sup (| Y d;f(z+ j)le 17 <

oo oo
bjm (A
< Z |dj|pm+1(f) exp ( Sup (mi1(z+ ) — SOm(Z))) < pm1(f) Z |dj| e < oo
j=1 zett j=1
CutesioBarenbHo, onepatop ' JIMHEHBI 1 HENIPEPHIBHBI U epeBouT #, B %, Tak-
Ke OH KOMMYTHPYeT C OllepaTopaMi 4acTHOTo uddepeHnuposanus, mostomy 1o Teopeme

5 oneparop ' TUMEPIUKJITIECKUIM. O]

CaencrBue 4. IIycmwv 6 npocmparcmee F, S — 0600wennas GyHKUUAL ¢ KOMNAKMHDLM
nocumenem, npuyem ee npeobpazosanue Pypve-Jlanaaca S(z) = S¢(el&?) ne asanemea
konemarmot. Toeda onepamop ceepmuru suda Mg|f](z) = Si(f(z +t)) eunepyurauuen 6
Fop.
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Joxasamenvcmeo. Ham nyxuO noxasars, uro Mg|f] € %, upu Beex f € %, u nnneii-
HbIT oneparop Mg orobpaxkaeT HeNpepwIBHO %, B .%,. IlockonbKy HOCHTETH 00OOIIIECH-
Hoit pynKImEy S KoMmnaxkTen u yobas bynkmua f € F, nemnag B C", To momyumM, 4ro
Ms[f] € H(C").

B cuiny xoMmnaxTHocTH HOcHTesst S IPH HPOU3BOJIBbHOM f € F, CyNIECTBYIOT KOM-

nakTHoe MHOKecTBO K B C" n mocrosianast C' > 0, s koropwix |S(f)| < C max |f(t)].
B
Orcroma caemyer, uro |Ms[f](z)] < Cy rtne;gdf(z + t)|. Bamernm, UTO IS JIEOGOTO
€

m € Ny 1mo ycaoBuio iy) MOXKHO HaiiTH KOHCTAHTY C, > 0, YIOBJIETBODSIOIILYIO OIEHKE
Omr1(z+ 1) —om(2) < e, tae z € C", t € K. Torma u3 onpejiesieHnst HOPMbI [IPH BCEX

z € C" noJsryuyaercs: HepaBeHCTBO

Ms[f)(2)] < Cupman () exp (max gms (2 +1)), 2 € C"
OTCIO,ZL& 1 N3 OI'PaHUYIE€HHOCTH KOMIIaKTa K BoITekaer Oll€HKa HOPMBbI Oll€epaTopa
CBEPTKU:

pn(Ms|[f]) < Cipmi1(f) exp (Zseucg (lggg Omr1(z +1) — %(Z))) <

< C1pmsr (f)e™ = Copmyr(f) < 0o

CrenoBatrensHo, omeparop Mg HenpepbIBHO oToOpazkaer %, B F,. B pabore [19] ObI-
JIO JIOKa3aHo, uTo oreparop ceeprku Mg B H(C") KoMMyTHpYeT ¢ oriepaTopaMu YacTHOIO
muddepennuposanus. Tak kak S(z) He paBeH MOCTOAHHOMN, TO Mg He KpATeH TOXKIeCTBEH-

HOMY olleparTopy. 3Ha4uT, B cuiy Teopembl 5 oneparop Mg TUIEPIUKINYEH B F,. O]

Jlasee mpuBejieM IpUMEP TUIIEPITUKIUYIECKOI0 OllepaTopa, He siBJISIIOIIEr0Cs: CBEPTKOIA.

0, 20e nucaa

Teopema 6. Onepamop Tf(z) = > cm%j(f()\z + b)) 6 npocmparcmese F,
i=1
ANeC"beCuc € C je {1;n} Pukcuposanvl, 2unepyurAuMeckuti NPu YCA06UU

A <1,

Joxazamenvcmeso. BosbmeM nexkoropyio dyukiuio f € %, Oueparop T juHeiHbIH U
HEIPEPBIBHBIN KaK KOHEYHasl CyMMa OIepaTOPOB dacTHOTO M EpPEeHITNPOBAHN, & UX
HEIPEPBIBHOCTD ObLIa JoKa3aHa B Jlemme 5. [lokarkeMm ee rUneprnuKIMIHOCTb, UCIIOIb3Y S
teopemy [edprepa-ITamnupo.

B nmokazarennctBe Teopembr 1 0ObLIO TOKa3aHo, 4To id Beex 2z, & € C7

n
e©? € Z, Beemem obosnauenne P(z) = > c¢;z;. Onupenemnv MHOMKeCTBa
=1

Wy ={ze€C": |P(2) <1} uWy, = {2z € C*": |P(2)| > 1}, Wi u W5 oTKpbI-
thie n wemyctbie. O6ozaaamv X = Lin{e!$?}.cpp, 1 Y = Lin{e!$},cp,, mo Jlemme 4

MHOXKeCcTBa X 1 Y IJIOTHBI B 5‘},.
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Boranciaum st npousposibHOro n € N JeficTBre onepaTopa Ha CTEIeHHY0 (PYHKIIAIO:
nn 1 - A?’L
Tie S H)P”(z)exp <z</\”§+b( . )\>>> (20)

Hna swagenmit [A| < 1 momydaerca yTeep:kienue T} "et? —— 0 B MHOKecTBE X,
n—oo

HOCKOJIBKY 1IpH Beex z € X u3 dhopmyiibl (20) moyunm BbIpasKeHue

n

pnlT2e) = (PPN exp (Re (2 (L1 ) ) ) o0 (Fa9)) 0.

1—A n—s00

OmpejiemM oOpaTHEIT omepaTop Ha MHOKecTBe Y B Buje Set? = P% 7 eXp (@),

TOrJa BBINOJHAeTCH paseHcTBO 1'Set” = €87, JleficTBhe omepaTopa Ha SKCIOHEHTY IIPH

npou3BoJibHOM 1. € N mMeeT Takoil BUJI:

n(n-1) 1—\"
A z(E—b
Sge £ — - exp < € ( 12 ))> (21)
Pn(z) A"
[Ipu 3uavenusix |A| < 1 BepHO COOTHOIIIEHHE S"egz —— 0 B MHOXKecTBe Y, TaK Kak
n—oo
JUtst J06bIX 2 € Y B ey (21) BepHO paBeHCTBO
n(n 1) n
o) = e (R (4 (75) ) e (55 ()
m(Sge™) = PEr exp Re (zb X exp (Pm | 3 — 0.
Takzke crpaseyuBo ycsore 3) TeopeMsl B: Tg o Sgegz = E? # = et

[TockosbKy BBITIOJIHEHBI Bee yesoBust Teopembl [eduepa-ITlanupo, To B caiyuae [A| < 1

" ar
T — runepnuK/IMYecKuil oneparop B F,. 0

Jlemma 6. Ilycmov das cemeticmea @ 8bnoAHEHO JONOAHUMENDHOE YCAOBUE
Vm,keN =l €N, r=ry,>0: Vz,t € C" gz+t) < pm(2)+er(t)+r, (22)

a S — aunetnviti nenpepvienvit pynryuonan na F,. Toeda npu mobwx f € F, dynryua
Ms[f](z) = Si(f(z+1)) yeaasn 6 C* u Mg[f] — xommymupyrowsui onepamop ¢ onepamo-
pamu wacmmozo duddeperuuposaru.

Aoxasamenvcmeo. Ilo Tpebosanuio i) #, OyaeT NHBAPUAHTHBIM OTHOCHTEJILHO CIBUIA.
Bsuay sroro oneparop cseprku Mg olpejie/ieH BCIOAy Ha %, U TaKxkKe Jid Beex f € F,
dbyuxius Mg|f] onpenenena Bcroay B (C”

Joxazkem, aro u3 yciaosus f € %, ciegayer rogomopduocts Gyuxmun Mg[f] B C".

Bosbmenm mobyio Touky zg € C" u mpoussosbaoe wncyio h = (hy, ..., h,) € C" takoe, 14To
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|h| < 1. Torga cipaBeIMBO pABEHCTBO

n

Ms[f](z0 + h) — Ms[f](20) = > Ms[D; f](20)h; = (23)

=1

n

Taxxke s Bcex m € N u nHekoropbix uncen C, > (0 BepHa OIEHKA

SO < Cop(f), [ € Fp (24)

3 dopmya (23) u (24) BBITEKAET COOTHOIIECHNE

| Ms[f](z0 + h) — Ms[f](= ZMS [D; f1(20) 5] < Conpim(gz0,n), (25)

7j=1

riae gZo,h(t) = f(Zo + h + t) - f(ZQ + t) - Z(Djf)(Z() + t)hj, te Ccn.
j=1
Teneps 11 moboro 3 € Z7 ¢ nomompio ¢opmynsl Teitnopa s BemecTBeHHON I

munmoit wactu dbynxmun DPg., ;, nomyuaerca dopmyiia

B < 2 2 a+pB
(D5 < I o, (570 (26)
a€Z: |a|=2

rue [z0+t, 20 —|—t—|—h] — OTPE30K, COeTUHAIONINNI TOUKN 2o+t 1 2o+t + h. Ilpumenss Tpebo-
Banue (22), naitaem uncio k € N takoe, aro k > m+ 2, u koucranry C' = C(zy) > 0, 1yst
KOTOPBIX BBITIOJIHAETCS OleHKa @k (§) < ¢ (t) + C mag Beex £ € C™, ynoBIeTBOPSIONIIX
yeaosuio || — t]| < [|z]| + 1. Smaunt, npu Becex B € Z1 ¢ || < m BepHO HEpaBEHCTBO

o+ < C m(t) n
Lomax (D] < Ep(fen, 1 eCr (27)
an"jr: a|=2

I3 dopmyn (26) u (27) cremyer, uro g Beex B € ZT ¢ || <m
(D7200) ()] < 20°eC|[B)Ppa(f)e ), t e C™.
Tora MOXKHO OIEHUTh HOPMY (DYHKIUH
Pr(z0,n) < 2071 *pi(f). (28)

13 HepasencTs (25) u (28) BBITEKAET COOTHOIICHIE

|Ms[f](z0 + h) — Mg|f ZMSDf (20)h;] < Cpu2n2eC||R|?pr(f).

J=1
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Canenosarensho, dyuakius Mg|f] nuddepennupyema B nanHoit Touke zg € C", a Tax-
xke noaygaercs Dj(Mg[f])(z0) = Ms[D;f](z0). llockomabKy 2y — IpOH3BOJIbHAS TOUKA,
to Mg|f] 6yner nuddepenrmpyema o scem C" u Bomosmsierca D;(Mg[f]) = Ms[D; f],
j=1,...,n. B cuny nocienneit GopMysIbl 1 HHBADHAHTHOCTH IIPOCTPAHCTBA %, OTHOCH-

resibHO b depenimposanus cieyet, uro dyakus Mg[f] neras B C". 0

Jlemma 7. ITycmo Oasn cemeticmea @ 6binoAHEHO JONOAHUNEADHOE YCAOBUE
VmkeN Fl=l,r €N, r=rp,>0: Vz,t € C" ¢(24+1) < on(2)+ei(t)+r (29)

u S — aunelnwl wenpepwenudl Pynryuonan wa F,. Toeda onepamop ceepmru
Ms(f](z) = Si(f(z +t)) omobpasicaem F, 6 F,, a makoice on JUHEEH U HENPEPIGEN.

Jloxazamesvemeo. VI3 Teopembl 4 ciejyer HHBAPUAHTHOCTD % (0 OTHOCUTEIBLHO CJIBUTA.
Torna oneparop Mg ompenesen Bcrofy Ha F,. OdeBunHo, on JuHelinblil. Ilockoapky
dbyHKIMOHAI S JIMHEHHBIN 1 HEIPEepbIBHbLA Ha %, TO CyllecTBYIOT Bejaudunbl k € N u
Cy > 0, gzt xoropsix |S(f)| < Crpe(f), tae f € #,. Takum obpasom, ms Beex z € C”

U JIsg JIOObIX f € %, TOJIyYnM OIEHKY

— su (D7 /)(= 4 1)
Ml < CupnlTef) = Ok sub i@

Bosbmenm sro6oe ancio m € N, a ancio [ € N uz yenosus (29). Beuay ycnosuit [ > k

u f € F, BBIOJHAETCH COOTHOIIEHHE

exp(gi(z+1))
IMslfIZ)] < Comlf) sup =y

U3 tpebosanus (29) u dopmyast (30) ciaeayer HepaBeHCTBO

| Ms[f](2)] < Cre™*pi(f) exp(pm(2)).

Torna onenka HopMmbl dbyHKIME uMeer BUL P, (Ms[f])| < Cre™*pi(f), [ € .

(30)

CrenoBaresbHo, JHHeitHBIN oneparop Mg orobpazkaer #, B %, U OH HEIIPEPHIBEH.

0

N3 Jlemm 6 u 7 BBITEKAET CJIEIyIOIIAsd TEOpPEMa.

Teopema 7. [ycmv das cemeticmsea Pynrkuut @ evnosnsemces ycaosue (29), a S
onpedener kak AUHeTHO HenpepusHull Gynkyuonan na F,, npeobpasosanue Dypve-
Jlansaca xomopozo S(z) = Se(e$2)) ne asanemea xonemanmoti. Tozda onepamop ceepm-
wu Mg[f](z) = Si(f(z+ 1)) eunepyuriuven 6 F,.
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S3AKJIFOYEHUE

o
Ns10:kuM KpaTKO HOJIydeHHble B paboTe pesyibraThl. B npocrpancrse %, oneparop
yactHoro juddepenrnupopanus T = % Jyts Jiioboro j = 1,...,n TUNEPIUKINIECKANR U
J

ero 0bpa3z JiezkuT B F,. Ecim B ., 3a/1aH HEKOTODDIIl IIOJIMHOM C IOCTOSIHHBIMU K03 du-

mrertamu P(z) = > caz®, z € C", orMYHBIL OT KOHCTAHTBI, TO OIIEPATOD
a€Zl: la|<m
T: feZF, — Y. ¢ D¢f — runmepnmkimueckuit B %, B ciaydae, korma 3a1a-
a€Z: |a|<m
Ha P(z) = Y. cqz® — HemocTosHHALA Iestas (DYHKIUA B %, OIPEIE/IIM OLEPATOP
a€Z: |al>0
g 20 a
T: feF, — Yo coDSf. Torma ecim ®(z) — dyHKIMS IKCIOHEHITHAILHOTO
a€Zl: |al>0

THIA, TO oneparop 1’ THIEPIUKINICCKUN B F,.

B mpocrpamcrBe %, oupeaeinM  omeparop  casura 1, B Buje
T, : f(2) € F, — f(z+a), tne a € C", npuaem a # (0,0,...,0,0), Torma T
runepuukindeckuit B %,. [onoxum, 4ro juHeiinblilt HenpepsiBubli oneparop T B .,
KOMMYTHUPYeT € OIePATOPAMH YaCTHOTO JnddepeHIMpOBaHNs U He SIBJISETCs CKAJISIPHBIM
KPaTHBIM TOXKJIEeCTBEHHOro oToOpazkenmsi. Torma 1 — TIUIEPIUKINYIECKHUI orepaTop B
Fop.

Korna B %, 3anana o6o0iennas (yHKIUs S ¢ KOMIAKTHBHIM HOCHTEIEM, HPHYeM
ce npeoGpasosanue Dypoe-Jlamnaca 5(z) = Se(e!$*)) me sBAeTCA KOHCTAHTOI, TO OTIe-

parop cseprku Buna Mg(f](z) = Si(f(z + t)) runepnuknuden B .%#,. Ouneparop Buaa
Tf(z) = anlcj(%j(f()\z%— b)), rme Bce uncia A € C, b € C*u¢; € C*, j € {1;n}
(bI/IKCI/IpOB;HHI)Ie, IUnepIuKInIeckuii B %, npu ycaosun || < 1.

Ecim pia cemeiictBa dyuknmit ¢ mnpu odbix m,k € N MoXKHO HaiiTH Ywncia
l =lmr €N, 7 =rpn, > 0 rakue, uro Beex z,t € C" p(z +1t) < on(2) + pr(t) + 7, a
S onpenenen Kak JUHEHHDIH HellpepbIBHBI (byHKIMOHAT Ha % (0, TO OLEpaTop CBEpTKH

Mg|f] runepuukinien B .Z .
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ces / V. I. Chilin, G. B. Zakirova // TaBpuuyeckuii BeCTHUK WHPOPMATUKU U
marematuku. — 2023. — Ne1(56). — C. 7—18.

YAK: 517.98 (YK 517.98)

[Iycts B mnpomsBosibHas mosHas OyneBa asrebpa, ((B)  CTOyHOBCKHiT KOMIAKT,
coorBercreytonit B, u mnyctb Cu(Q(B)) anrebpa Bcex HENPEPHIBHBIX DYHKITHI
r @ Q(B) - R = [—00,+00|, IpUHNMAIONUX 3HAYEHUS F0O JIHMINb Ha HULJE He
IJIOTHBIX MHOXKecTBax u3 Q(B). Paccmarpusaiorest npocrpancTsa Banaxa-Kantoposuua
L,(B,m) C Cx(Q(B)), accolmupoBanHble ¢ MepOil m, 3aJaHHON Ha B u mpuHIMaro-
mieil 3HadeHus B ajaredpe BCeX M3MEPUMBIX JeiicTBuTenbHbIX GyHknuil. [Tokasamno, aro
B C/Iydae, KOrJla Mepa m umeeT cBoiicTBO Marapam, g Jr000i JTIMHEWHONW M30METPUN
U:L,(B,m)— Ly(B,m), 1 <p < oo, p# 2, CymecrByeT HHbEKTHBHBI{I HOPMAJIb-
uplit romoMopdusm T : C(Q(B)) = Coo(Q(B)) u snemenr y € L,(B, m) takue, 9To
U(x) =y-T(z) mnusascex x € Ly,(B,m).

Karouessie caosa: npocmparcmeo Banazxa-Kanmoposuua, mepa Mazapam, eexmoproe unme-

epuposarue, AUHETHAA USOMEMPUS.

Zhukovskiy V. 1., Zhukovskaya L. V., Mukhina Y. S. A New approach to
optimal solutions of noncooperative games: accounting for Savage—Niehans
risk / V. 1. Zhukovskiy, L. V. Zhukovskaya, Y. S. Mukhina // TaBpuueckuii
BecTHUK mHpopMmaTuku u maremaruku. — 2023. — Ne1 (56). — C. 42—-61.

VIK: 517.577.1

[IpescTaBiieHHbIN B CTaThe HOBBIN MOJIX0J] K ONTHMAJIBLHOMY PEMIEHUI0 HEKOOIEPATUBHOM
UT'PBI 3aKJIIOYAETCA B TOM, YTO KazKJIblil UI'DOK CTPEMUTCHA He TOJIbKO YBEJIUYUTH BbIUT-
PBIII, HO U YMEHBIIUTDH CBOH pucK. BBojuTCH NOHATHE CHIBHO rapaHTUPOBAHHOTO paBHO-

Becusa Hsma u JOKa3bIBACTCiA €TI0 CyHIIeCTBOBaHNE B CMEIIaHHbIX CTPpATEIngdx.

Karouesvie caosa: puck no Crsudsncy—Huxrancy, munumarcroe coocasenue, Heonpedeset-

HOCMb, HEexoonepamueHas uzpa, onmumMaisbHOE PEULEHUE.
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Zhukovskiy V. 1., Zhukovskaya L. V., Mukhina Y. S. A new approach to
guaranteed solutions of multicriteria choice problems: Pareto consideration
of Savage—Niehans risk and outcomes / V. 1. Zhukovskiy, L. V. Zhukovskaya,
Y. S. Mukhina // TaBpuueckuii BeCTHUK WH(MOPMATUKU M MaTe€MaTUKU. —
2023. — Ne1(56). — C. 42— 61.

VIK: 519.810

31ech mpejaraeTcd JIBa HOBBIX IOAXOJA K PeIIeHno "TpUBBIYHBIX'3a1ad J1j11 MHOTO-
KPUTEPHAJIbHON 3a/1a41 OeCKOaJMIIMOHHON Urpbl. O0a 110/1X0/1a OCHOBBIBAIOTCS Ha Hape-
TOBCKOM O0'beIMHEHUH [IPUHIIUIIOB TaPAHTHPOBAHHOIO pe3ysbrarta (1o Basbiy) u MuHU-
makcHoro coxkaserns (o Cssmmky—Huxancy). Ilpuaem mepsblit ogxon obecriednBaer

BO3MOXKHOE YBEJIMYEHHE CBA3AHHOTO ¢ 3TuM pucka (o Casmizky—Huxancy).

Karouesvie caosa: puck no Crsudocy—Huzancy, MUHUMAKCHOE CONCANEHUE, HEONPEIEAEH-

HOCTL, MHO2OKPUMEPUAALHBIT 860D, NAPEMOBCKoe 00BeIUHEHUE.

Makapos O. O. AHanu3 MeTa’3BPUCTUK /JIJId 33/1a¥ MHOTOATreHTHOI MapIlpyTH-
darmuu / O. O. MakaposB // TaBpuueckuii BeCTHUK NH(POPMATHKN U MaTeMaTu-
ku. — 2023. — Ne1(56). — C. 62—87.

YAK: 004.023; 519.16

B crarpe mpejcTaB/ieH YNC/IEHHBIM SKCIEPUMEHT, TOCBAIIEHHBIN PEIIeHNIO 33/1a91 KOM-
muBosizkepa (TSP) ¢ ucnonbzoBanmeM pas3mdHBIX METAIBPUCTHK Ha HAOOpe JAHHBIX U3
oubmoreku TSPLIB. OcHoBHas 11e/1h 9KCIIEpUMEHTa 3aKJI0YaIaCh B OIPEJIE/IEHUN HAM-

6os1ee 3(pHEKTUBHBIX U TOUYHBIX METOJIOB JIJIsi HAXOXK/ICHUS MapIIPYTOB.

[IpoBeeHHBIN SKCIIEPUMEHT MTOKa3aJ1, YTO BCE NPUMEHEHHBIE META3BPUCTUKU CIIOCOOHBI
HaXOJIUTh HPUOIMKEHHbIE MJIM OITUMAJbHBIE PEIIeHUs 3a/ladl KOMMUBOSI?KEpPa, Ha pas-
JINYHBIX Habopax JaHHbIX. OIHAKO, B 3aBHCHMOCTH OT XapPaKTEPUCTHUK 38189, HEKOTOPbIE
METO/IbI IPOABUIIN ceOst 60s1ee 3(PpHEKTUBHBIMU U TOYHBIME, YeM JApyrue. B 3akmounrensb-
HOIl TabJinIle MPUBEJIEH CIIMCOK JIYYIIUX aJTOPUTMOB, & TaKxKe yKa3aHO KOJUYIECTBO Pas,

KoTr'1a Ka}K,ZLbII'?I n3 aJITOPpUTMOB IIOKa3aJI JIy4dlllee pelnieHue cpean OCTaJIbHBIX.

Ha ocHOBe moJIy4eHHBIX TaHHBIX IIAHUPYETCS CO3/IaHNE 3aBUCUMOCTH METaJIaHHBIX I'Da-
da oT pe3ysbTaTOB U pa3zpaboTKa MHTE/IEKTYAJIbHON CUCTEMBI JJId M0I00Pa ONTHMAJIb-
HBIX METadBPUCTUK. PeKOMeH 1yeTcst BLIOUpaTh META9BPUCTUKY B 3aBUCUMOCTH OT OCOOEH-
HOCTe#l 3329y MaplIpyTU3allid KOMMUBOSAKEPa, TAKUX KaK KOJWYECTBO I'OPOJIOB, Ieo-

rpadudeckre xapaKTepUCTUKH, TPeOOBaHUs K TOYHOCTH PEIIeHUT U BPEMs BBIIIOJTHEHUS.
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KOM6I/IHI/IpOBaHI/Ie Pa3/IMIHbIX META3BPUCTHUK TaK>Ke MOKeET IIPpUBECTU K JOCTHUXKEHUIO 0o-

Jiee ONITUMAJIbHBIX PE3yJIbTATOB.

Karouesvle caosa: 3040046 KOMMUBOAHCEPQ, 3040040 HECKONOKUL KOMMUBOAHCEPOS, UCPADTU-
Yeckas KAACMEPUSAUUS, AA20DUNM PEWEHUA HECKOALKUT 36004 KOMMUBOANCEPA, MEMAIAHHDLE

epada, MEMAISPUCTNUKL, MEMPUYECKUE TAPAKMEPUCTUKY epada.

Paxumosa A. 1. O runepuuKJanvecKux oleparopax B BECOBBIX IPOCTPAHCTBAX
nenbix dyakmuii / A. U. PaxumoBa // TaBpudeckuii BeCTHUK MH(OPMATAKA
u marematuku. — 2023. — Ne1 (56). — C. 88 —110.

VIK: 517.547, 517.555

B nannoit pabore m3ydaroTcs THIEPIUKJIAICCKHE OIMEPATOPhI B MHBAPUAHTHOM OTHOCHU-
TebHO JudpdepentimpoBanus BecooM mpoctpancTBe Operre-IlIBapra meabx dyHKImit
F,. JlokazaHa TUIEPIHUKINIHOCTb B STOM IPOCTPAHCTBE HETPUBHATIBHBIX JIudbdepeH-
[IMaJIbHBIX OIEPATOPOB € MOCTOAHHBIMU KOI(MDPUIMEHTAMU KOHEYHOTO MOPSAIKa U JId-
depeHnnaJIbLHBIX OIIEPATOPOB C MOCTOAHHBIME KoM duiineHTaMu 0eCKOHEIHOI'O MTOpsi/IKa,
XapakKTepucTuieckasd (BYHKIUS KOTOPBIX €CTh Iejiasd (DYHKIUS SKCIIOHEHIINAJILHOIO THU-
rma. /IokazaHo, 9TO JIMHEHHbI HEPEPBIBHBIN OIIEPaTOp B 9TOM IIPOCTPAHCTBE, OTJIUIHBIN
OT KPaTHOI'O TOXKJIECTBEHHOMY OIlepaToOpy U KOMMYTHUPYIOIIUi ¢ OllepaTOpaMu 4acTHOTO

JjubdepeHImpoBanus, ABIACTCA TUIEPITKIUICCKUM.

AHaJIorngHbie yTBEPKACHUS BBITOJTHAIOTCA I KOHEYHONW 1 OECKOHEYHO CYMM CIBUIOB,
a TaKKe KOHEYHOW CyMMbI KOMIO3UIHI ¢/iBUTa 1 JinddepeHimabLaoro oneparopa. [lpu-

BeJICHbI T€OPEMbI O T'HIICPIUKJIMNIHOCTH OIIepaTOpa CBEPTKH B 3TOM IIPOCTPaHCTBE.

Karouesnvle cao8a: 2unepuukiuieckuti Onepamop, 6eco80€ NPocmpaHcmen, onepamop 4acmmozo

Jugppeperyuposarus, onepamop cdsuza, ONEPAMOP CEEPMKU, UEAGA PYHKUUSA.
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