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Abstract—In the paper we present the angular distributions of photoelectrons in ionization of neon atom
by a field of several multiple frequencies. The considered setup is referred to the RABBITT (reconstruction
of attosecond beating by interference of two-photon transitions) spectroscopy under condition that the field
frequencies are selected in such a way that resonant transitions through discrete states play an important
role. The role of the phase of the seeding infrared field on the angular distributions of photoemission is
analyzed. A significant difference in the anisotropy parameters at the near-threshold sideband caused by
transitions through discrete states is shown. Two methods are compared: numerical solution of the rate
equations with continuum discretization and third-order perturbation theory.
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INTRODUCTION

The creation of intense sources of ultrashort ra-
diation pulses in the vacuum ultraviolet (VUV) and
X-ray ranges based on the high harmonic generation
(HHG) method [1–3] has made possible experimen-
tal studying the dynamics of small quantum systems
on attosecond timescales [4–8]. One of the methods
used to study the dynamics of electrons in atoms,
molecules, and solids is RABBITT spectroscopy (re-
construction of attosecond beating by interference of
two-photon transitions) [9].

The method is based on irradiating of a target
by a combined electromagnetic field consisting of a
strong infrared (IR) pulse and several its high-order
harmonics in the VUV range. The absorption of
a high-frequency photon promotes an electron into
continuum (see Fig. 1)—the main line (ML), and
the subsequent absorption or emission of an IR pho-
ton, which is possible in the Coulomb field of the ion
may promote it into sidebands (SB) [10]. Variation
of the IR pulse delay time τ with respect to the VUV
leads to the appearance of characteristic oscillations
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in the photoelectron spectra and allows for control
of the resulting photoelectron characteristics and ob-
taining information about the relative phases of the
transition amplitudes [11].

At the very beginning both experimental and
theoretical studies of RABBITT spectroscopy were
devoted to integrated over the electron emission
angle quantities [12–14]. Recently, angle-resolved
RABBITT measurements have been perfrormed [15–
20]. The corresponding calculations were carried
out for noble gas atoms [16, 21–24]. Of particular
interest are the angle-resolved RABBITT studies
carried out in a vicinity of a resonance [25]. General
tendencies can be effectively tracked using analytical
methods [26–30].

In the present paper we develop the theoretical
study of the features of neon RABBITT spectroscopy
initiated in [31], where photoelectron spectra, ampli-
tude and phase of RABBITT oscillations were obta-
ined, and the influence of the intensity of the seeding
IR field and detuning from the resonance upon exci-
tation of discrete states was studied. Similar to [31],
we use two different approaches to obtain the angular
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Fig. 1. The scheme of multifrequency ionization of Ne at
wavelength of the IR seeding harmonic λ = 800 nm and
its 13th, 15th, and 17th VUV harmonics.

distributions of photoelectrons: solution of rate equa-
tions and perturbation theory. The results of both ap-
proaches are analyzed and compared with each other.
Transition matrix elements between different states of
the discrete spectrum as well as between states of the
discrete spectrum and continuum were obtained by
the stationary R-matrix method [32]; to describe the
transitions between continuum states, the divergence
elimination method [33, 34] was applied with single-
electron wave functions obtained by [35].

Unless otherwise specified, the atomic system of
units is used.

1. THE BASEMENT OF THE METHODS

The detailed description of the applied methods,
i.e., the numerical solution of the system of rate equa-
tions (SRE) and the nonstationary perturbation the-
ory (PT), as well as a description of the spectroscopic
model, is presented in [31]. Here we provide only the
milestones of the methods.

A wave function Ψ(r, t) of the system exposed
to an electromagnetic field with the vector potential

A(t), which in the RABBITT experiments is the sum
of an IR pulse and several its N th order harmonics
in the VUV range, expands in eigenfunctions φn(r)
of the unperturbed (atomic) Hamiltonian Ĥat. The
resulting system of first-order differential equations
for the expansion coefficients a(t) which determine
the evolution of the population of atomic states

daf (t)

dt

= −i

∫∑
i

ei(εf−εi)t
1

c
〈φf |A(t)p |φi〉 ai(t) (1)

is solved numerically in the SRE method using the
original program [37] with the initial condition that
the system is in the ground state in the beginning of
the electromagnetic field; here the indices i and f of
the expansion coefficients denote all quantum num-
bers defining the state, ε is the energy of the state, p is
the momentum operator. The discretization method
was used to describe the states of the continuum.

For the nonstationary PT, the coefficients af (t) in
the Eq. (1) are expanded into a series futher:

af (t) = a
(0)
f (t) + a

(1)
f (t) + a

(2)
f (t) + . . . , (2)

here a
(0)
f (t) = δfi is solution without perturbation.

In perturbation theory, the first order a(1)f (t) des-
cribes one-photon transitions from the ground state
to excited discrete states and into the continuum in
the region of the main lines ML, which occur due to
the absorption of the VUV photon ωN , the second

order a(2)f (t)—transitions from the excited states and
from the main lines to the sidebands SB, caused by
the absorption or emission of an infrared photon ωir,

finally, the third order a(3)f (t) and its interference with

a
(1)
f (t) describe transitions with absorption and/or

emission of two infrared photons.

The main qualitative difference between SRE and
PT is that the second method does not take into
account strong field effects such as the Stark shift and
multiphoton absorption. In addition, in perturbation
theory, there is no depletion of the states population
caused by subsequent transitions, that means that
the total population is not conserved.

Typically in RABBITT experiments, both IR and
VUV components are linearly polarized. The photo-
electron angular distribution after the pulse for lin-
early polarized fields in the jK-coupling represen-
tation, which is necessary for describing photoelec-
tron spectra near the threshold, is given by [38]:
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W (ε, θ) =
1

4π

∑
JJ ′KK ′ll′k

(−1)Jf−
1
2 K̂K̂ ′Ĵ Ĵ ′ l̂l̂′(l0, l′0 | k0)(J0, J ′0 | k0)

⎧⎨
⎩

k l l ′

Jf K
′K

⎫⎬
⎭

⎧⎨
⎩
k J J ′

1
2 K ′K

⎫⎬
⎭

× af a
∗
f ′ il

′−l exp (i(σl + δl − σl′ − δl′))Pk(cos θ), (3)

where Pk(cos θ) are the Legendre polynomials of the
kth order, the angle θ is counted from the direction of
the polarization vector; the construct in curly braces
is the 6j Wigner symbol; δl and σl are the Coulomb
phase and scattering phase of the partial channel l;
l and l′ are the orbital momentum of the electron, Jf is
the total moment of the residual ion, K and K ′ are the
sum of the momentum of the ion and electron. Let us
emphasize that the angular distribution (3) is axially
symmetric with respect to the polarization vector.

The PAD can be presented in a conventional form:

W (ε, θ) =
σ(ε)

4π
(1 + β2(ε)P2(cos θ)

+ β4(ε)P4(cos θ)), (4)

which is the definition of the angular anisotropy pa-
rameters β2 and β4; σ(ε) is the probability of electron
photoemission with energy ε.

2. RESULTS AND DISCUSSION

We assume that the electromagnetic field is line-
arly polarized along the quantization axis with an
electric strength in the form:

E(t) =
∑
N

cos2(t/σN )EN cos(ωN t+ φN )

+ Eir cos
2(t/σir) cos(ωirt+ φir). (5)

The cosine half-period was used as an envelope, since
it possesses the necessary smoothness conditions for
the field and its first derivative at the beginning and
the end of the pulse. Additionally it may be integrated
analytically, in contrast to the field with the Gaussian
envelope.

In this paper, we assume the typical values of
electromagnetic radiation parameters implemented
on the HHG facilities: IR pulse of 800 nm with
maximum intensity of Eir = 25.7 × 106 V/cm (5×
10−3 au) and width (duration) at half amplitude σir =

20
√
2 fs and VUV pulse containing N = 11, 13, 15,

17, 19 harmonics with duration two times less and
intensity 50 times less. Note that the width of the
Gaussian pulse with the same behavior at the maxi-
mum is 20 fs. With such a width the pulse contains
about 30 optical cycles. For pulses containing a

large number of optical cycles, changing the pulse
delay is equivalent to changing the phase of the IR
field φir = ωirτ with respect to the VUV. At this
wavelength, the 13th harmonic is close to resonant
excitation of the 2p5(2P1/2)3d[3/2]1 state.

Following the methods described in section 1, we
obtained the expansion coefficients af after the pulse
and the anisotropy parameters β2,4 which are shown
in Figs. 2b and 2c. The dots show the results obtained
by the SRE method, shifted for convenience of com-
parison by 0.05 eV to the right in the photoelectron
energy in order to eliminate the Stark shift effect (see
[31]), and the solid lines mark PT. The bright color
indicates the values averaged over the phase of the
infrared field, and the light color indicates their maxi-
mum and minimum values. The black color marks the
averaged spectrum of photoelectrons (Fig. 2a). The
angular anisotropy parameters periodically change
as the coefficients at each Legendre polynomial in
(3) oscillate at twice the frequency of the IR field.
However, the dimensionless parameters in (4) are not
harmonic functions. Since the angular anisotropy
parameters are the ratio of a some quantity to the
cross section, at energies for which the probability
of electron emission is below the limit of numeri-
cal accuracy, the anisotropy parameters experience
sharp fluctuations that have no physical meaning, and
therefore are not presented.

Transitions to the main lines occur with the ab-
sorption or emission of an odd number of photons, and
the parity of such states is opposite to the parity of
the ground state, while transitions to the sidebands
require an even number of photons. Upon ioniza-
tion of the neon valence shell (2p)—the target un-
der consideration—this leads to even orbital angular
momenta in ML (s, d, g), and odd—in SB (p, f ) (see
Fig. 1), that explains the difference in the β2,4 values
of the mainlines and sidebands.

It should be noted that for the mainlines and SB14
the cross section is always nonzero, while for the
sidebands SB16,18 there is a phase of the infrared
field at which it tends to zero. This explains the
discrepancy between the two approaches observed
at some energies in the maximum value of β2,4 in
SB16,18 with the same averaged values.
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Fig. 2. Spectrum averaged over IR field phase (a), photo-
electron angular anisotropy parameter β2 (b) and β4 (c),
obtained by the SRE method (points) and PT (lines); thin
lines and light dots bordering the shaded areas in panels
(b) and (c) mark the domain of parameter change for the
corresponding method.

The parameter β2 at photoelectron energies cor-
responding to ML can be very different from observed
in conventional single-photon ionization [39], which
indicates a large contribution to the formation of
anisotropy of the third-order amplitudes in PT, which
do not make a noticeable contribution to the integral
cross-section. The β4 parameter in ML arises only
due to the presence of the third-order amplitudes with
total moment J = 3.

Figure 3 shows the shape of the angular distribu-
tion of photoelectron emission at a fixed photoelectron
energy corresponding to the probability maxima in
SB14, ML15, SB16, and ML17 for three phases of
the seeding field. It can be seen that the angular dis-

tributions in the SB14 and ML15 are slightly different
in different approaches. The difference in SB16 and
ML17 is more significant. This difference is explained
by the fact that although the maximum and min-
imum values of the angular anisotropy parameters
in the SRE and PT coincide, they are achieved at
slightly different phases of the IR field. Under the
real experiment conditions, when natural averaging
over an interval of the IR field phase and the photo-
electron energy takes place, the angular distributions
will coincide. The most significant difference in the
angular distributions observed for SB16 at φir = π/2
(red lines in Fig. 3c) is explained by the fact that the
probability of photoemission at these parameters is
almost zero.

We would like to emphasize that SB14 is partly
formed by transitions through discrete states of the
2p53d configuration excited via the absorption of a
photon of the 13th harmonic by 2p-electron which
leads to a significant difference between this part of
the spectrum and the higher-energy region. The
predicted SRE and PT variations angular anisotropy
parameters in SB14 depending on the φir are in bet-
ter agreement with each other than the variation of
the integrated spectra in this region [31]. The weak
dependence of the angular distributions on the phase
in SB14 (Fig. 3a) indicates the dominance of one of
the transition paths in this region, namely the res-
onant transition through 2p53d discrete states with
absorption 13ωir and subsequent ionization by ωir into
a state with l = 3. The unusual phase dependence of
ML15 (Fig. 3b) is caused, in turn, by the dominance
of transitions from l = 3 with ωir absorption.

CONCLUSIONS

The paper presents the results of calculations of
the angular distributions of photoelectrons emitted
from neon atom in the field of several harmonics of the
driving infrared field. The difference in the shape of
the angular distributions for the mainlines and side-
bands is demonstrated and explained. The influence
of transitions through states of the discrete spectrum
is analyzed.

Angular distributions provide more detailed infor-
mation on the relative phases of harmonics than inte-
gral spectra, since the contribution of channels with
higher momentum is more essential. For example,
for emission from the valence 2p-shell of neon atom,
these are contributions of continuum channels with
orbital momentum l = 4 (g-waves).

It is shown that while the solution of the rate equa-
tions system and perturbation theory give the same
results for the angle-integrated probability even for
the lower not adjacent to the threshold lines (starting
from SB16, see [31]), the agreement in the angular
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(a)  E = 0.05 eV, SB14 (b)  E = 1.66 eV, ML15

(c)  E = 3.21 eV, SB16 (d)  E = 4.71 eV, ML17
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Fig. 3. The sections of the photoelectron angular distribution by a plane passing through the symmetry axis for three phases
of the infrared field φir = 0—black line, φir = π/4—blue, φir = π/2—red; solid lines show PT results, dotted lines—SRE. The
angular distributions are dimensionless quantities, the scale for SB (a, c) and for ML (b, d) differ by a factor of two.

distributions is slightly worse. This happens because
the considered angular distributions are, in fact, triply
differential: over the emission angle and energy of the
photoelectron, and over the phase of the infrared field.
Provided that the probability is reduced to a doubly
differential one, i.e., either averaging over the phase of
the IR field or integrating over the angle of emission
of a photoelectron, agreement is restored.

This study is an important step towards exten-
sion the theory of RABBITT spectroscopy to systems
with nonconventional geometries, since for many of
them (for example, for circularly polarized harmon-
ics), RABBITT oscillations appear only in differential
characteristics.
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